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A B S T R A C T   

The Peierls stress required for a single dislocation to glide in a perfect crystal is considered one of the most 
important properties controlling plastic deformation of metals. Values for the Peierls stress computed by 
atomistic models often differ even for the same dislocation and when using the same material interatomic po
tential, limiting their value in understanding material behavior. Here, using molecular static simulations, we 
study the effects of model configuration, model size, and loading mode on the Peierls stress of an edge dislocation 
on the {112} glide plane in body-centered cubic Nb in the twinning and anti-twinning senses of slip. The analysis 
includes six model configurations, a model size range spanning over an order of magnitude, and three loading 
modes, all repeated for two interatomic potentials for Nb. Results show that, in most cases studied, smaller model 
sizes artificially lead to lower Peierls stresses. The study also reveals a substantial effect of model configuration 
on whether the Peierls stress converges with size, the minimum size required for convergence, and the magnitude 
of the Peierls stress. Only one model configuration, the periodic array of dislocation (PAD) model, achieves a 
strictly converged value for the two interatomic potentials considered here. In addition, PAD model predicts the 
lowest Peierls stress values among all model configurations, provided that the model size is sufficiently large. We 
show that with the same interatomic potential, while one model configuration predicts a higher anti-twinning 
Peierls stress than twinning Peierls stress, another one may predict the opposite asymmetry. Unlike the stress- 
controlled loading mode, the shear-controlled and displacement-controlled loading modes provide similar re
sults using both potentials. The findings here will be useful for selecting the appropriate model settings in 
research studies involving Peierls stress calculations via atomistic simulations.   

1. Introduction 

Dislocation glide is one of the key mechanisms underlying the plastic 
deformation of metallic crystals [1]. The minimum resolved shear stress 
required for a single dislocation to glide on its prescribed glide plane in 
an otherwise perfect crystal is known as the Peierls stress [2,3]. As a 
property fundamental to a unit mechanism at the atomic scale, the 
Peierls stress can be challenging to measure experimentally, and hence, 
it is most often computed. Currently, two classes of numerical ap
proaches have been used for Peierls stress calculations. One class is 
atomic-scale calculations, such as molecular statics (MS) simulations [4] 
and ab initio density functional theory (DFT) calculations [5]. The sec
ond kind of approach uses a continuum formulation, of which common 
examples include the Peierls-Nabarro model [6] or a phase-field dislo
cation model [7]. Continuum models are often informed by atomic-scale 

calculations and as such, their accuracy in Peierls stress calculations has 
been quantified by comparisons with atomistic calculations [8]. It is 
often found that even the most sophisticated continuum models tend to 
overestimate the Peierls stress [9,10]. 

Between MS and DFT, DFT is the more reliable approach. However, 
DFT is not as widely used because it is computationally expensive even 
when the simulation cell for Peierls stress calculations usually contains 
no more than hundreds of atoms [11]. On the other hand, in MS simu
lations, oftentimes up to millions of atoms are employed [12]. In view of 
the small simulation size in DFT calculations, dislocations in most face- 
centered cubic (FCC) metals are not accessible since their dissociated 
distances largely exceed the simulation cell dimensions [5]. Exceptions 
include Al [13–15] and Ni [16], which attain high intrinsic stacking 
fault energies (SFE) [17]. Because they have a compact core, DFT sim
ulations have been applied to calculate the Peierls stress in body- 

* Corresponding author. 
E-mail address: wurong@ucsb.edu (W.-R. Jian).  

Contents lists available at ScienceDirect 

Computational Materials Science 

journal homepage: www.elsevier.com/locate/commatsci 

https://doi.org/10.1016/j.commatsci.2020.110150 
Received 20 October 2020; Accepted 29 October 2020   

mailto:wurong@ucsb.edu
www.sciencedirect.com/science/journal/09270256
https://www.elsevier.com/locate/commatsci
https://doi.org/10.1016/j.commatsci.2020.110150
https://doi.org/10.1016/j.commatsci.2020.110150
https://doi.org/10.1016/j.commatsci.2020.110150
http://crossmark.crossref.org/dialog/?doi=10.1016/j.commatsci.2020.110150&domain=pdf


Computational Materials Science 188 (2021) 110150

2

centered cubic (BCC) metals. To date, the calculations mainly focus on 
screw dislocations, since they have much higher Peierls stresses and 
lower mobility than edge dislocations [18,19]. While the size effects on 
the Peierls stress have been quantified in selected DFT calculations 
[21–22], it is difficult to conduct a comprehensive analysis on size ef
fects by further enlarging the model size. 

While MS may not yield an estimate as accurate as DFT, it can be a 
useful approach for analyzing differences in Peierls stresses among slip 
planes and dislocation characters, for instance. With MS simulations, 
Peierls stresses have been computed widely, especially as more empir
ical interatomic potentials are being developed and improved for FCC, 
BCC, hexagonal close-packed (HCP), and diamond cubic crystals 
[23–26,4,27–31]. However, with the increased number of studies, it has 
become evident that the Peierls stress calculated by different researchers 
can differ significantly even when the same interatomic potential is 
considered for the same dislocation [32]. For example, using the same 
model configuration and the same Stillinger-Weber potential [33] but 
different model sizes, Ren et al. [34] and Koizumi et al. [35] reported 
two very different values for the Peierls stress of the screw dislocation on 
the shuffle-set glide plane in Si, which are 5.8 GPa and 2 GPa, 
respectively. 

Apart from the interatomic potential, different model designs have 
been employed in Peierls stress studies. Model design parameters 
include the model configurations, model size, and loading modes (e.g., 
stress-controlled versus displacement-controlled). To date, six model 
configurations have been used for Peierls stress calculations, including 
the fixed boundary models, periodic array of dislocation (PAD), dipoles, 
and quadruple. Atomistic studies indicate that some of these modeling 
design choices affect the Peierls stress calculation. Chaussidon et al [25] 
compared the Peierls stress of a screw dislocation gliding by the {110} 
〈111〉 family in two BCC Fe model configurations with different 
boundary conditions (BCs) and revealed the difference can be up to 300 
MPa. These few studies hint that the sensitivities to other model designs 
may be more critical than first thought. In setting up an atomic model, a 
number of intrinsic and extrinsic parameters need to be chosen, and to 
date, there is no guidance on the appropriate settings needed to ensure a 
reliable Peierls stress calculation. As such it can be imperative that the 
model is designed to provides estimates that are insensitive to model 
parameter choices and the calculated trends solely reflect the material 
variables of interest (e.g., crystallographic planes or dislocation 
character). 

Compared with FCC and HCP metals, dislocations in BCC metals 
possess much higher Peierls stresses and their motion controls the 
yielding and plastic deformation behavior of these materials [36–38]. 
Some BCC metals, like Fe and Nb, behave more ductile than others, and 
thus their dislocation motion attracts more attention [25,39]. In addi
tion, dislocations with the same Burgers vector (a0/2)〈111〉 (a0 is the 
lattice parameter) can glide on various planes, e.g., {110}, {112}, and 
{123}, along the same 〈111〉 direction [40,41]. In particular, there is a 
twinning/anti-twinning asymmetry in the Peierls stress on the {112} 
glide planes [42]. For a given glide plane in the same BCC metal, the 
Peierls stresses of screw dislocation is usually much higher than that of 
edge dislocation, reflecting the former’s low mobility [43–45]. 

In this work, we calculate the Peierls stress in Nb, using two inter
atomic potentials in conjunction with different model configurations, 
model sizes, and loading modes. Nb is important as a relatively ductile 
structural metal, while also being the least dense among all BCC re
fractory metals [46]. Herein, we choose the edge dislocation with the 
Burgers vector (a0/2)〈111〉. With this focus, we are able to consider six 
model configurations, a wide range of model sizes spanning over one 
order of magnitude, both the twinning and anti-twinning directions, and 
three loading modes. We repeat the calculations using two interatomic 
potentials, not as a test of these potentials, but to identify any sensitiv
ities of the trends to the type of interatomic potential used. All these 
modeling choices have been used in the literature for the Peierls stress 
calculations. To our best knowledge, this is the first time that model 

designs are compared in a systematic fashion. With this elaborate set of 
calculations, we can identify which settings are critical and could affect 
the results on Peierls stresses. 

Ideally, given the same interatomic potential and a model of 
reasonable size, the Peierls stress ought to not depend on these model 
design choices. We find that in most cases studied, smaller model sizes 
lead to lower Peierls stresses. Results also show that the model config
uration has a substantial effect on whether the Peierls stress converges 
with size, the minimum size required for convergence, and the magni
tude of the Peierls stress. Among all six model configurations consid
ered, the PAD model is the only one that converges with an increasing 
model size when either interatomic potential is used. Although the focus 
here lies on Nb, the trends and recommendations made here are antic
ipated to apply to other edge dislocations with compact cores in other 
metals, such as other BCC metals and FCC metals with high SFE (e.g., Al 
and Ni). 

2. Methodology 

We use the Large-scale Atomic/Molecular Massively Parallel Simu
lator (LAMMPS) [49] for the atomistic simulations and two embedded- 
atom-method (EAM) potentials to describe the atomic interactions be
tween Nb atoms. The two main EAM potentials adopted were proposed 
by Ackland and Thetford [50], and Lin et al [51]. For simplification, in 
what follows, we refer to these two as Ackland potential and Lin po
tential, respectively. They are chosen for two reasons. First, with respect 
to experimental measurements and DFT calculations, they predict 
similar lattice parameters and elastic constants, as shown in Table 1. 
Second, they produce opposing differences in their generalized stacking 
fault energy (GSFE) curves with respect to DFT, with the one from the 
Ackland potential predicting values greater than and the Lin potential 
predicting values lower than DFT, as seen in Fig. 1. It should be noted 
that we calculate the GSFE curve in MS simulation using the same 
method as that in the DFT calculation [47] against which our results are 
compared. Specifically, we use an atomistic model containing 24 {112} 
atomic planes. First, the top 12 layers of atoms are displaced with 
respect to the bottom 12 atomic layers along the 〈111〉 direction. Then 
following each incremental displacement, the top three and bottom 
three layers of atoms are fixed, while the remaining layers are allowed to 
relax along the 〈112〉 direction. This relaxation method was utilized 
widely in the community, e.g., in FCC [52] and BCC [53,54] metals. The 
atomic model presented here is for the GSFE curve calculation only. 
Completely different models and boundary conditions will be used for 
the Peierls stress calculations. 

The GSFE curve based on Ackland potential exhibits a shallow local 
minimum, which does not exist in the Lin potential- or DFT-derived 
curve [47]. Prior MS work on a {110}〈111〉 edge dislocation in Fe 
showed that the potential that predicts a local minimum on the GSFE 
curve produces a split core with a larger spread in the tensile field than 
the cores produced by other potentials without the local minimum [55]. 
It was also found that the 0 K Peierls stress of the edge dislocation with 
the split core is nearly one order of magnitude higher than those based 
on the other potentials. As will be shown later, a similar phenomenon 
occurs in our work. To help ensure that conclusions drawn by the 

Table 1 
Lattice parameter a0 (in Å), elastic constants C11,C12,C44 (in GPa), and unstable 
stacking fault energy on the {112} plane γ112

usf (in mJ/m2), calculated from the 
Ackland and Lin interatomic potentials. DFT [47] and experimental (Exp) [48] 
results are listed as references.   

a0  C11  C12  C44  γ112
usf  

Ackland 3.3008 246.85 133.38 28.33 832.09 
Lin 3.3 263.56 125.28 35.03 697.23 
DFT 3.324 249.01 135.43 18.1 768.82 
Exp 3.301 245 132 28.4   
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present study on model design would apply to a range of potentials, we 
repeat calculations on these two potentials possessing this significant 
difference. 

We focus these tests of model design on the calculations of the Peierls 
stress for a {112}〈111〉 edge dislocation in Nb. In studies of Peierls 
stresses in Nb, the {110} plane is often considered [56,18], but recent 
experimental studies have shown that the {112} plane is also an 
important glide plane for dislocation slip for Nb, as well as another 
ductile refractory metal Ta [57–59]. The edge dislocation is chosen, 
because unlike the screw dislocation [60], it likely remains stable on the 
glide plane and does not cross slip. In addition, it is computationally 
much less costly to calculate the Peierls stress of an edge dislocation than 
a screw dislocation. The savings in computation time allow for a larger 
range of system sizes for all six model configurations to be examined. 

Figure 2 presents six atomistic model configurations that have been 

used for determining the Peierls stress in the literature to date. They 
share the same crystallographic orientations, with their dislocation lines 
lying along the z-axes and the glide plane normal, the y-axis, oriented in 
the [112] orientation. The other two crystallographic directions are 
[111] and [110] for the x- and z-axes, respectively. The length of the 
dislocation line Lz ≈ 1.4 nm. All the simulations are quasi-3D, meaning 
that they are 3D crystallographically, but the geometry is such that the 
problem is effectively 2D. 

Based on their BCs, these six model configurations are divided into 
two groups. The first group contains the three atomistic models with 
partially periodic boundary conditions, which are the fixed boundary- 
circle (FBC) [61], fixed boundary-square (FBS) [31] and PAD models 
[32]. In the FBC and FBS models (Fig. 2(a–b)), the dislocation is inserted 
via the anisotropic elasticity theory [1] in the center of a cylinder with 
the diameter of L for the FBC case and a square with a side length of L in 
the FBS case. Their BCs are partially periodic since periodic BCs are only 
applied along the dislocation line direction, i.e., the z-axis. Furthermore, 
each of these two models is divided into the inner and outer regions. The 
thickness of the outer region (in blue) is larger than the cutoff distance of 
the potential, which is 5.5 Å for Ackland potential and 7.2 Å for Lin 
potential. After the dislocation is inserted, atoms in the outer region are 
fixed, while those in the inner region can relax during the energy 
minimization. In the PAD model (Fig. 2(c)), the dislocation is con
structed by allowing the top half crystal have three more (111) atomic 
planes than the bottom one, followed by energy minimization. The 
construction approach is similar to the one used for edge dislocations in 
Ref. [62,23,4,32]. Hence, unlike the FBC and FBS models, elasticity 
theory [63] is not used in PAD model. The simulation cell for PAD has 
the same size as the FBS model, however. The PAD model is partially 
periodic since the periodic BCs are applied only along both the dislo
cation slip direction (x-axis) and the dislocation line direction (z-axis), 
while non-periodic BCs are applied along the y-axis. Atoms in the top 
and bottom regions in the simulation cell, which have the same thick
ness as the outer regions in FBC and FBS models, are not allowed to 
move freely during the energy minimization. However, some details 
depend on the selected loading mode, which will be described later. 

Fig. 1. Relaxed GSFE curves on the {112} plane in Nb, calculated from the 
Ackland and Lin interatomic potentials. Results based on DFT [47] are pre
sented as references. 

Fig. 2. Schematic of six common model configurations of dislocation: (a) fixed boundary-circle (FBC), (b) fixed boundary-square (FBS), (c) periodic array of 
dislocation (PAD), (d) horizontal dipole (Dipole-H), (e) vertical dipole (Dipole-V), and (f) quadrupole. 
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The second group of dislocation models includes the horizontal 
dipole (dipole-H) [64], vertical dipole (dipole-V) [24], and quadrupole 
models [65], which use periodic BCs in all three directions (Fig. 2(d–f)). 
The dislocation is inserted into these models via the same method as 
used in PAD model, i.e., by introducing three extra half-planes of atoms. 
Herein, dipole-H and dipole-V models represent the array of two dislo
cations with the opposite Burgers vectors and placed along the hori
zontal (x-axis) and vertical (y-axis) directions, respectively. The 
quadrupole model denotes the array of four dislocations with the 
alternatively opposite Burgers vectors and placed along both in-plane 
directions. In the dipole-H model, a minimum L exists below which 
the dislocation dipole self annihilates during energy minimization prior 
to loading, which is 15 nm for the Ackland potential and 70 nm for the 
Lin potential. Thus, values of the Peierls stresses corresponding to L 
below the critical size will be missing for the dipole-H model. We remark 
that the annihilation does not occur in any other model within the range 
of L studied here. 

In the FBC and FBS models, anisotropic elasticity theory is used, 
whereas in the PAD, dipole-H, dipole-V, and quadrupole models, it is 
not. However, in prior application of the PAD model [66] and dipole-H 
model [7], isotropic elasticity theory was applied to introduce the dis
locations. The difference in the Peierls stress induced by the anisotropic 
versus isotropic elasticity theory in the PAD and dipole-H models (along 
with the dipole-V and quadrupole models) should be negligible because 
the subsequent energy minimization is expected to find the same relaxed 
dislocation core structures, regardless of the initial structures. The 
choice of elasticity theory, however, is potentially important in the FBC 
and FBS models, because the atoms within the outer boundaries are 
displaced first following the elasticity theory and then fixed during the 
energy minimization. In other words, because the boundaries are fixed, 
they are not minimized after inserting the dislocation. To investigate the 
influences on the Peierls stress, in selected cases, we repeat the calcu
lations in FBC and FBS models using isotropic elasticity theory. 

The performance of these six model configurations is assessed by 
testing their individual size effects on Peierls stress. We vary L over one 
order of magnitude from 10 nm to 500 nm. The largest size of L = 500 
nm is beyond that used in usual atomistic simulations. However, uti
lizing such a wide range of sizes will prove essential for identifying 
whether convergence in the computed Peierls stress can be obtained, 
and if so, the required size. The actual value of L = 500 nm is merely 
based on computational limitations and the largest model configuration 
studied here, the quadrupole model, for which L = 500 nm corresponds 
to 75 million atoms. For this size effect study, we calculate the Peierls 
stress in the twinning direction, where the shear strain ∊xy is applied on 
the (112) plane along the − x[111] direction (see Fig. 3). 

To study the twinning/anti-twinning asymmetry, we repeat calcu
lations of the Peierls stress using the six model configurations. The 
twinning/anti-twinning directions in a cross section of the BCC lattice 

are illustrated in Fig. 3. Along the twinning direction, the atoms only 
need to move by (a0/6)〈111〉 on every (112) plane to form a twin. In 
contrast, the anti-twinning direction requires the atoms to move by (a0/

3)〈111〉 along the opposite direction to form a twin [67]. For these anti- 
twinning direction calculations, we fix the size L = 50 nm. 

For all simulations described thus far, we apply the shear-controlled 
loading mode (Fig. 4(a)) that shears the entire cell with all atoms 
mapped to the deformed cell in strain increments of Δ∊xy = 10− 5. This 
strain increment was proven sufficiently small to calculate the Peierls 
stress of an edge dislocation on the {110} plane in Fe [23]. Each time the 
strain increment is imposed, the total energy of the system is minimized 
using the conjugate gradient algorithm and followed by the fast inertial 
relaxation engine [68]. Minimization iterations are terminated when 
one of the following criteria is satisfied [69–71]: (1) the energy change 
between successive iterations divided by the energy magnitude is less 
than or equal to 10− 12 or (2) the length of the global force vector for all 
atoms is less than or equal to 10− 12 eV/Å. In the FBC and FBS models, 
atoms in the outer regions (marked in blue in Fig. 2) are fixed along the 
three directions during energy minimization. In the PAD model, atoms 
in the top and bottom regions are fixed along the x direction but are 
allowed to move along the other two directions. In the three remaining 
model configurations (dipole-H, dipole-V, and quadrupole), no atoms 
are constrained during the energy minimization. In every increment, the 
virial stress component, τxy, of the system is determined. When the edge 
dislocation moves from the original Peierls valley to the adjacent one, 
the corresponding value of τxy is the Peierls stress [23,25,29,31]. 

Last, we study the effects of loading mode, for which there are three: 
the shear-controlled loading mode described earlier, as well as the 
displacement-controlled [29] and stress-controlled [25,12,28] loading 
modes. The three loading modes are illustrated in Fig. 4. In the 
displacement-controlled loading mode, a displacement increment (cor
responding to the strain increment Δ∊xy = 10− 5) is applied to a layer of 
atoms (designated by the top red region), while those atomic layers 
within the bottom (red) region are fixed. Similar to the selection of the 
size for the blue regions in the FBC and FBS models in Fig. 2, the 
thickness of these red regions is slightly larger than the cutoff distance of 
the interatomic potential. Note that Cho et al. [72,73] and Dang and 
Spearot [74] constructed their displacement-controlled PAD models via 
a slightly different approach. In their models, atoms in the top and 
bottom regions are displaced by a gradient displacement field and the 
remaining atoms are displaced following the elasticity theory. As a 
result, the stress values measured each time the dislocation moves from 
one Peierls valley to the next one are invariant to the initial position. 
However, in the present PAD model, after the dislocation has completely 
moved to the next Peierls valley from the initial one, the stress achieved 
in subsequent translations may not be the same as that in the first one. 
Variance in the stress needed to move after the first Peierls stress is 
achieved also appeared in a previous work of Osetsky and Bacon [23], 
who used the same method. Thus, at least for the first translation, the 
PAD model should yield similar results as those used by Cho et al. 
[72,73], and Dang and Spearot [74]. This hypothesis will be confirmed 
in subsections 3.4. 

In the stress-controlled loading mode, two opposite forces are exer
ted onto the atoms within the red regions near the top and bottom 
surfaces, giving rise to an applied stress component, τxy. The critical 
applied stress for the edge dislocation to start moving is found by the 
bisection method and the resultant error of Peierls stress is in ±0.5 MPa. 
For this study, the PAD model with L = 50 nm is utilized to calculate the 
Peierls stresses in both the twinning and anti-twinning directions. All 
other simulation settings are the same among three loading modes. As 
before, the strain increment and the applied stress are negative if the 
shear is directed along the twinning direction and are positive for the 
anti-twinning direction. 

For verification, before embarking in these series of studies, we 
attempt to check the results against those published in the literature. For 

Fig. 3. Schematic of two opposite shearing directions on the {112} plane: 
twinning and anti-twinning directions. Atoms on different {110} planes are 
colored differently. T and AT denote twinning and anti-twinning directions, 
respectively. 

W.-R. Jian et al.                                                                                                                                                                                                                                



Computational Materials Science 188 (2021) 110150

5

Nb, a prior MS calculation of the Peierls stress for a screw dislocation on 
the {112} plane can be found in Ref [27]. For comparison, we employ 
the same FBC model with L = 120 nm and the same interatomic po
tential to calculate the Peierls stress for the (a0/2)〈111〉 screw disloca
tion on a (112) plane. Like Ref. [27], we also introduced the screw 
dislocation by anisotropic elasticity theory. In our calculation, the shear- 
controlled loading mode was utilized and we obtained 1264.3 MPa, 
which is reasonably close to the 1130 MPa reported in Ref. [27]. We 
suspect the differences arise from the loading mode used, which was not 
reported in their work. 

3. Results and Discussion 

Figure 5 shows typical stress-strain curves obtained from the six 
different models for a simulation cell dimension L = 100 nm. For both 
potentials, the initial stress τxy is near-zero in all model configurations 
except the dipole-H model, in which τxy is negative. The negative initial 
stress in the dipole-H model may be attributed to that the interaction 
energy between the primary dipole and all the image dipoles is only 
conditionally convergent to a finite value [75,24]. Regardless of the 
initial stress, all curves are linear up to a strain at which the stress first 
drops, then rises again linearly, and in some cases followed by more 
stress drops. These stress drops are associated with the motion of the 
dislocation. The Peierls stress is thus the peak stress before the first stress 
drop, when the dislocation just begins to move (as indicated by the 
downward arrows). Clearly, the Peierls stresses predicted by Ackland 
potential are generally much higher than those by Lin potential, in line 

with the difference in their GSFE curves (Fig. 1). 

3.1. Model configuration and size 

Figure 6(a) shows the variation in the Peierls stress of the Ackland 
potential versus model size L. For all model configurations, the Peierls 
stress is size-dependent when L < 40 nm. In this regime, the smaller 
sizes give artificially lower Peierls stresses. For greater L, only with the 
PAD model does the Peierls stress achieve a stable value of 500 MPa that 
is independent of L, when L > 100 nm. For the remaining five models, 
however, the Peierls stress does not strictly converge as L increases, and 
its value continues to rise, albeit at a very small rate, even for L = 500 
nm. Although the Peierls stresses do not saturate strictly after L > 200 
nm, their increments with size could be viewed, to some extent, as 
tolerable. Regarding the magnitude, provided the model size L > 100 
nm, the PAD configuration provides the lowest. By contrast, the 
remaining models obtain higher Peierls stresses that are ∼ 580 MPa at 
L = 500 nm. 

Figure 6(b) presents the same size effect analysis on the Peierls stress 
of the Lin potential. As can be expected, when L is too small, where too 
small is L < 40 nm, the calculated values are size-dependent. For greater 
L, two model configurations, the PAD model (L > 40 nm) and FBC 
(L > 300 nm) model, provide converged Peierls stresses of 104 MPa and 
177 MPa, respectively. In contrast, when employing the other model 
configurations, the computed Peierls stresses vary substantially as L 
increases. The variation behaves too irregularly, exhibiting substantial 
changes in stress of ∼ 20–100 MPa with increments in L of 100 nm. Even 
to the outstandingly large limit of L = 500 nm, the Peierls stress has not 

Fig. 4. Schematic of the MS simulation configurations with (a) shear-controlled and (b) stress- or displacement-controlled loading modes. In (b), the top and bottom 
regions are in red. In both subfigures, the loading direction is along the twinning direction. 

Fig. 5. Stress-strain curves in various models with cell dimension L = 100 nm by using (a) Ackland potential and (b) Lin potential. The solid arrows denote the 
Peierls stresses in the corresponding models. 
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converged. In terms of magnitude, they are all below 250 MPa, with the 
PAD model providing the lowest values. Clearly the model configuration 
has a substantial influence. Some configurations are unable to compute a 
Peierls stress that is independent of the model size even up to L = 500 
nm. 

Our simulations showed that, for the same model configuration, 
small simulation cells almost always predict lower Peierls stresses. The 
same size effect was recently reported in FCC Al using the dipole-H 
model and was attributed to the wider intrinsic stacking fault in 
smaller models [7]. Similarly, in the current work of Nb, smaller simu
lation cell sizes affect the dislocation core structure, resulting in lower 
Peierls stresses. 

In FBS and FBC models, the fixed boundaries are constructed via the 
elasticity theory based on the initial position of the dislocation. As the 
dislocation moves, however, those boundaries are no longer compatible 
with the new dislocation-induced displacement field. Thus, the fixed 
boundaries exert a back stress on the dislocation, elevating the Peierls 
stress [76]. As shown in Fig. 6, the Peierls stresses predicted by the FBS/ 
FBC models are among the highest. 

Intuitively, dipole-H and quadrupole configurations should have 
lower Peierls stress due to the attractions between the neighboring, 
oppositely signed dislocations in the same cell. It should be noted there 
also exist attractive forces between the dislocations and their oppositely 
signed counterparts in adjacent periodic images. The latter attractive 
forces counter the former ones and hence prevent the Peierls stress from 
being low. Thus, the Peierls stresses for these two models are not the 
lowest in our simulations. 

As the model size increases, only the PAD model configuration in our 
calculations displays the converged Peierls stress that also ranks the 
lowest among all model configurations. Compared with the FBS/FBC 
and the dipole/quadrupole models, the lower stress achieved in the PAD 
model may result from the absence of the back stress and fewer in
teractions between the dislocations and its periodic images, 
respectively. 

The influence of model configuration has also been reported in a few 
studies. Pizzagalli and Beauchamp [77] compared the FBS and quad
rupole models when calculating the Peierls stress of the screw disloca
tion on the shuffle-set glide plane in Si via DFT calculations and the 
shear-controlled loading mode. It was found that the calculated Peierls 
stress is ∼ 7% higher in the FBS model than in the quadrupole model. 
There, the model sizes were smaller (128 and 144 atoms in the FBS and 
quadrupole models, respectively) due to the DFT method used and the 
model size dependence was not assessed. Segall et al [65] calculated the 
Peierls stress of a a0/2{110}〈111〉 screw dislocation in BCC Ta via the 

shear-controlled loading model and a quantum-based, embedded atom 
force field developed by Strachan et al [78]. They achieved the 
convergence when the diameter of the FBC model is larger than 10 nm 
and pointed out that the Peierls stress of the quadrupole model ap
proximates the converged value of FBC when L reaches about 8 nm. 
Considering the dimensions were also small (fewer than 6000 atoms), 
the similarity in the Peierls stresses between their quadrupole and FBC 
models may be a coincidence. From the results of the present study, we 
see each model configuration has an individual minimum size for 
convergence with Lin potential. When one or more of the Peierls stresses 
are not converged, the differences in value and even the rank order 
among the Peierls stresses calculated from different model configura
tions depend too strongly on the size to be meaningful. Convergence to 
the energy minimum state is dictated by an energy-based criterion 
rather than a force-based criterion. According to the former criterion, 
convergence is determined by the change in energy between successive 
iterations divided by the total energy in the system. Hence, the energy 
minimization procedure is to some extent size-dependent. However, this 
may not be the reason why the Peierls stresses are size-dependent 
because the PAD model predicts converged results, while using the 
same energy criterion. 

For other dislocations in other materials, it is generally found that 
atomistic models overestimate the Peierls stress compared to experi
mental values [79] or those from DFT [18], owing to the quantum effect 
that cannot be captured by classical interatomic potentials [80]. Taking 
this view, it would appear that the lower the prediction the closer the 
calculated value is to the actual value, favoring the PAD model config
urations. While it cannot be said that the value of the {112} Peierls stress 
is accurate against experimental measurement or DFT, at least for nu
merical exploration, a reasonable size atomic model can be defined with 
the PAD model configuration for which the Peierls stress computations 
would not be model size-dependent. 

3.2. Twinning versus anti-twinning directions 

The Peierls stress on the {112} plane depends on the sense of di
rection, commonly referred to as the twinning and anti-twinning di
rections [81–83]. As shown in Fig. 3, , atomic displacements in one sense 
require shorter displacements to form the twin structure, while in the 
opposite sense the displacements needed to achieve the same structure 
are larger. Further, the atomic layer, marked C, exerts more resistance to 
the anti-twinning shear than the twinning shear [67]. Here, we calculate 
the Peierls stresses using all six models with L = 50 nm for both the 
twinning and anti-twinning directions using the two EAM potentials and 

Fig. 6. Peierls stresses calculated in various model configurations as a function of cell dimension L by using (a) Ackland potential and (b) Lin potential.  
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the shear-controlled loading mode. It is recognized, however, that only 
the PAD model configuration yields converged Peierls stresses for this 
model size. Further, the dipole-H model configuration with the Lin po
tential is, however, not included, since the dislocation self annihilates 
during energy minimization when L < 70 nm, as mentioned in section 2. 

Table 2 presents the Peierls stresses computed in the anti-twinning/ 
twinning (AT/T) directions. For the material using the Ackland poten
tial, the twinning Peierls stress is less than the anti-twinning Peierls 
stress, following expectation. This AT/T asymmetry is consistently 
predicted for all six model configurations. We find, however, that the 
model configuration affects the percentage difference between the two 
senses. The degree of asymmetry is the largest for the FBS model and 
approximately the same for the PAD, dipole-H, dipole-V, and quadru
pole models. For the PAD model, the Peierls stresses have saturated for 
this model size. For the other model configurations, the Peierls stress in 
the Ackland material for sizes greater than L = 50 nm, very slowly and 
thus, the AT/T asymmetry and the degree of asymmetry, as measured by 
their differences, are not expected to change for larger L. The AT/T 
asymmetry is consistent with the conclusion in Refs. [84,85], where the 
critical stress to move the edge dislocation on a {112} plane in Fe in PAD 
model using the displacement-controlled loading mode was always 
lower along the twinning direction than the anti-twinning direction at 0, 
1, 50, and 400 K. The same was observed in a recent work in Mo in PAD 
model using the shear-controlled loading mode in MS calculations at 0 K 
[86,87]. 

In the case of the Lin potential, the AT/T asymmetry depends on the 
model configuration used. For the FBC and FBS model, the Peierls stress 
along the twinning direction is lower than that along the anti-twinning 
direction. But for the remaining configurations, the anti-twinning value 
is oddly less than the twinning one. For the PAD prediction, this 
anomalous asymmetry is not expected to change for larger L since the 
stresses have converged for the size L = 50 nm used. Since the other 
potential considered predicts the anticipated AT/T asymmetry for the 
same model configurations, we suspect that the reverse asymmetry is a 
consequence of the Lin potential. 

3.3. Isotropic or anisotropic elasticity theory 

For the FBC and FBS models, a choice is made here to employ 
anisotropic elasticity theory, rather than isotropic elasticity theory, 
when first inserting the edge dislocation into the perfect lattice. In 
principle, the structure of the dislocation after relaxation and response 
of the dislocation under subsequent deformation ought not to be sensi
tive to the process in which the dislocation is first inserted, since the 
system is not yet stabilized. With this in mind, one may find it easier then 
to first insert the dislocation using isotropic elastic theory than the 
anisotropic one. Yet, as mentioned, in these two fixed boundary condi
tion models, the boundaries are not minimized during relaxation and 
hence, the choice of elasticity theory for defining the dislocation dis
placements could matter. 

It is worth emphasizing that this choice in the model design pertains 
to the method for inserting the dislocation prior to deformation, and is 
separate from the elastic anisotropy inherent to the interatomic poten
tial. For Nb, the degree of elastic anisotropy is significant with a Zener 

ratio of Ac = 2C44/(C11 − C12) = 0.5, when using experimental values 
(Table 1). As mentioned, both the Ackland and Lin potentials predict 
similar values for the three elastic constants, and hence Ac, for Nb. 

Figure 7 shows the change in the Peierls stress with system size L for 
the full range of sizes. In all simulations, the Peierls stress is calculated 
using the shear-controlled loading mode. Provided that L > 100 nm, for 
the Ackland potential, the type of elasticity theory used for dislocation 
insertion has little to no effect on the calculated Peierls stress. This size 
range, L > 100 nm, is the same size regime in which the Peierls stress is 
less sensitive to L. Yet, it may be undesirable that a relatively large 
simulation size (i.e., 574191 and 757080 atoms in FBC and FBS models, 
respectively) is required to remove any assumptions made in the dislo
cation introduction process. 

For the Lin potential, the effect of the elasticity theory results in large 
fluctuations for both model configurations. For FBC wherein the Peierls 
stresses were seen to converge for L > 300 nm in the anisotropic case, 
they do not converge for the isotropic case even up to very large model 
sizes L = 500 nm. The difference grows rather than shrinks with size. In 
summary, even in situations where the fixed model configuration and 
potential combination produces a size-independent Peierls stress, it is 
still best to use anisotropic theory for introducing the dislocation. 

3.4. Loading mode 

By definition, the Peierls stress should be independent of the loading 
mode. Yet, part of the model design is choosing the method in which the 
system is incrementally mechanically deformed in order to drive the 
dislocation to first move. The displacement-controlled and the shear- 
controlled loading mode effectively exert a strain increment to region 
around the dislocation core. The stress-controlled loading mode, how
ever, applied the stress directly. All three methods have been employed 
in the literature and it is expected that all three modes will compute 
similar Peierls stresses when all else is the same. To identify any possible 
influences of loading mode, as a component of model design, these three 
modes are used to calculate the Peierls stress in the T and AT directions. 
For this test, the PAD model configuration and L = 50 nm are employed, 
for which both interatomic potentials produce converged Peierls stresses 
in the shear loading mode. Table 3 compares the Peierls stresses 
resulting from the three different loading modes. 

The Peierls stresses for the Lin potential are similar for all three 
modes, lying within 10% of each other, a result that follows expectation. 
For the Ackland potential, however, the Peierls stresses based on the 
stress-controlled loading mode are lower than those based on the shear- 
and displacement-controlled loading modes, with the latter two being 
similar. In addition, using the displacement-controlled PAD model 
designed by Cho et al [72] and Dang and Spearot [74], we calculate the 
Peierls stresses for the twinning and anti-twinning directions as 500.1 
MPa and 527.7 MPa, respectively, using the Ackland potential. These 
values are close to the Peierls stress values based from the displacement- 
controlled PAD model, as shown in Table 3. 

4. Conclusions 

In this work, we aim to identify the importance of model design in 

Table 2 
Calculated Peierls stresses (in MPa) for the twinning and anti-twinning directions from various models with L = 50 nm and two different interatomic potentials. The 
superscripts T and AT represent twinning and anti-twinning directions, respectively. All the simulations here utilize the shear-controlled loading mode. Results are 
missing for the dipole-H model when using Lin potential, since the dislocation self annihilates during the energy minimization before loading when L < 70 nm, as 
mentioned in section 2. The relative differences in the Peierls stresses based on different models with respect to PAD model are provided in parentheses.   

FBC FBS PAD Dipole-H Dipole-V Quadrupole 

AcklandT 509.2 (1.0%)  493.3 ( − 2.2%)  504.3 516.8 (2.5%) 515.8 (2.3%) 523.9 (3.9%) 
AcklandAT 577.3 (5.2%)  574.1 (4.6%) 548.9 567.1 (3.3%) 567.4 (3.4%) 565.6 (3.0%) 

LinT 97.4 ( − 7.0%)  101.6 ( − 3.0%)  104.7  119.1 (13.8%) 120.9 (15.5%) 
LinAT 120.6 (28.4%) 128.7 (37.1%) 93.9  99.0 (5.4%) 100.5 (7.0%)  
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molecular statics calculations of Peierls stresses in Nb. For the study, we 
employ two different interatomic potentials, the Ackland and Lin po
tential, since they provide similar lattice and elastic constants but 
greatly differing Peierls stress values. Interatomic potentials are 
continually being improved and the goal here is not to test the potentials 
but to identify a model design that produces consistent results and 
sensitivities among different potentials. Important settings involved in 
model design considered here are model configuration, for which there 
are six; model size, up to a relative large value of L = 500 nm; and 
loading mode. In order to comprehensively consider the wide range of 
settings used in the literature to date, we focus on the motion of the edge 
dislocation on the {112} plane, which possesses a natural twinning/anti- 
twinning asymmetry in glide. The study reveals that model design, as a 
whole, has a substantial effect on the computed values of the Peierls 
stress. Main conclusions are:  

• Only one model configuration, the PAD model, achieves a strictly 
converged value for the two interatomic potentials considered here. 
The Peierls stress from most other model configurations continue to 
increase as size increases even up to L = 500 nm. In most cases, 
model sizes that are smaller than that required to reach a converged 
value predict artificially lower Peierls stresses.  

• Two model configurations, the FBC and FBS models, utilize elasticity 
theory to introduce the dislocation into the perfect lattice. It is shown 
that the converged Peierls stress when using anisotropic theory- 
based dislocation insertion may become unconverged when using 
the isotropic theory instead.  

• With the same interatomic potential, while one model configuration 
can predict a twinning Peierls stress lower than the anti-twinning 
Peierls stress, another model configuration can predict the opposite 
asymmetry.  

• The shear-controlled and displacement-controlled loading modes are 
found to provide similar results as well as consistent results given the 
two potentials. The related LAMMPS input files for calculating the 
Peierls stress using different loading modes can be downloaded from 
https://github.com/wrj2018/CMS_2020. 

While focusing on the edge dislocation on one slip plane, {112}, in 
one BCC metal, Nb, these results may be applicable to the edge dislo
cations on other slip planes, e.g., {110} and {123}, in Nb, and edge 
dislocations in other BCC metals as well as FCC and HCP metals. The 
findings here are anticipated to benefit the design of atomic models, 
such that they minimize the effects of simulation settings in the calcu
lations of Peierls stresses. 

5. Data availability 
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