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Abstract. Density functional theory (DFT) calculations are performed to study the effects of ferromag-
netism on basic structural parameters including lattice parameters and elastic constants in 45 body-
centered cubic (BCC) Fe-based random binary alloys. Each binary consists of Fe and one of the five
pure BCC metals, including Mo, Nb, Ta, V, and W. To provide references, six pure metals are also stud-
ied. It is found that (i) the effects of ferromagnetism are more pronounced for elastic constants than for
lattice parameter, (ii) the effects of ferromagnetism increase with the Fe concentration in the binary, (iii)
when ferromagnetism is neglected in DFT calculations, pure Fe is elastically unstable, while most Fe-based
alloys are stable, and (iv) relatively good estimates of the structural parameters of alloys can be provided
via the simple rule of mixtures only when the ferromagnetism is included.

1 Introduction

In crystalline materials, basic structural parameters
such as the elastic constants Cij form the base for deriv-
ing a series of mechanical properties of these materials,
e.g., Cauchy pressure, bulk modulus, Young’s modu-
lus, shear modulus, Zener ratio, Pugh ratio, and Pois-
son’s ratio [1,2]. Therefore, it is critical to accurately
measure these structural parameters in experiments or
calculate them via ab initio methods, such as density
functional theory (DFT). In DFT, caution must be
taken when the material is of ferromagnetic or anti-
ferromagnetic nature. Prior DFT studies have uncov-
ered effects of magnetism on lattice parameter, cohe-
sive energy, bulk modulus, surface energy, density of
states, ground state, Fermi level, and generalized stack-
ing fault energy in Co [3–8], Cr [3,9], Fe [3–6,10–14], Ni
[3–6,15], Pu [16,17], oxides [18–20], and metallic alloys
[21–25]. Some notable consequences of ignoring ferro-
magnetism in ab initio calculations are: (i) the ground
state of Fe was found to be hexagonal close-packed [5]
instead of the correct one: body-centered cubic (BCC);
(ii) the tetragonal shear modulus C ′ = (C11 − C12)/2
is negative in BCC α-Fe [6,26] and face-centered cubic
(FCC) δ-Pu [16,17], while it should be positive in both
lattices according to experiments [27–29]; and (iii) C11

of α-Fe is negative [26], while it is positive according
to both experiments [27,28,30] and ferromagnetism-
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included DFT calculations [6,14,31–33]. The last two
results suggest that α-Fe, i.e., BCC Fe, becomes elasti-
cally unstable if ferromagnetism is neglected in ab initio
calculations.

In this paper, we expand upon prior DFT studies in
pure Fe to study the effects of ferromagnetism on cal-
culations of basic structural parameters in 45 Fe-based
random binary alloys. Five alloying elements, includ-
ing Mo, Nb, Ta, V, and W, are considered. Among
these elements, only V is soluble in BCC Fe over the
entire concentration range within the high-temperature
paramagnetic phase [34,35]. Thus, Fe1−xVx (x ≤ 0.1)
were studied for their basic structural parameters using
either DFT calculations [35] or experiments [36]. The
solid solubilities of the other four elements in BCC Fe
are less than 2.5 at.% at temperatures no higher than
900 ◦C [34]. Nevertheless, it is of theoretical interest
to explore random binary alloys that involve all these
alloying elements. Our findings are expected to pro-
vide a solid foundation for future studies of ferromag-
netism in more complex alloys such as the Fe-based high
entropy alloys [1,22,37].

2 Methodology

Special quasi-random structures (SQS) [38] in BCC
lattices are built using ATAT [39]. The tolerance for
matching correlations of the SQS and of the ideal ran-
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Fig. 1 Atomistic structures of Fe0.9A0.1, Fe0.7A0.3, and Fe0.5A0.5. Brown and green atoms are Fe and A, respectively.
Visualization is done in OVITO [42]
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Fig. 2 Lattice parameter a0 and elastic constants C†
ij in Fe0.5V0.5 as a function of a the cut-off energy and b the number

of k-points along each direction. In a, a k-point mesh of 5×5×5 is employed. In b, a cut-off energy of 398.52 eV is adopted

dom state is 0.01. A tentative lattice parameter of 3 Å
is assumed, because it is close to the experimental lat-
tice parameters of the six pure BCC metals studied
here [40]. Both pair and triplet correlation functions
are considered, with the ranges being 13 Å and 17 Å,
respectively. According to our recent work [41], these
two ranges are large enough for the matching correla-
tions of the SQS to converge to that of the ideal random
state. Nine SQS are constructed for Fe1−xAx, where x
ranges from 0.1 to 0.9, in increment of 0.1. The chemi-
cal element A is Mo, Nb, Ta, V, or W. As a result, there
are 45 random binary alloys in total.

Each simulation cell is a cuboid containing 80 atoms,
with 〈100〉 crystallographic orientations along all three
directions. The simulation cell contains 4 × 5 × 2 unit
cells along the three directions, where each unit cell con-
tains two atoms. Three SQS are shown in Fig. 1. A prior
DFT study in an FCC random AlTi binary found that
if a randomly generated supercell is too small, there
would be too large scatter in the calculated elastic con-
stants; in the meantime, an SQS containing 32 atoms
provides the same elastic constants as a random super-
cell containing up to 4000 atoms [43]. Therefore, our
SQS which contains 80 atoms is appropriate.

All DFT calculations are carried out using VASP
[44]. Based on the projector augmented wave method

[45,46], a plane-wave basis with a cut-off energy of
398.52 eV is adopted. To approximate the exchange-
correlation energy functional, the Perdew–Burke–
Ernzerhof formulation of the generalized gradient
approximation [47] is used. The Brillouin zone is con-
structed by the Monkhorst–Pack scheme [48], with a
smearing width of 0.2 eV based on the Methfessel–
Paxton smearing method [49]. The k-point mesh is
5 × 5 × 5. Convergence analyses for the cut-off energy
and k-point mesh are presented in Fig. 2. The resid-
ual minimization scheme with direct inversion in the
iterative subspace is employed for the electronic self-
consistent loop; the convergence is reached when the
total free energy change between two steps is smaller
than 10−4 eV [50]. The ionic relaxation stops when
the total energy between two steps is smaller than
10−3 eV/atom [15]. The relaxation method and the
stress–strain method are employed, respectively, to cal-
culate the lattice parameter a0 and elastic tensor C.
These two methods were recently shown [41] to yield
close results in six pure BCC metals compared with
the volume-energy method (for a0) and the energy-
strain method (for C), which were used in some prior
DFT calculations in BCC Fe [5,6,11,13,14,31,33]. Note
that in the relaxation method, the cell volume, but not
cell shape, is allowed to relax; for selected binaries, we
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Table 1 Lattice parameter a0 (in Å) and elastic constants C11, C12, C44 (in GPa) in six pure BCC metals. All DFT data
except those of Fe and FeNM are from a recent work [41]. The superscript ‘NM’ denotes results from non-magnetic DFT
calculations. All experimental data (Exp) are from Ref. [40]

Fe FeNM Mo Nb Ta V W

a0 DFT 2.842 2.762 3.162 3.322 3.321 2.999 3.184
Exp 2.867 3.147 3.301 3.303 3.024 3.165

C11 DFT 261.44 53.5 461.39 242.23 258.1 264.61 526.52
Exp 230 465 245 264 230 523

C12 DFT 135.18 344.09 160.84 134.92 165.11 132.95 199.34
Exp 135 163 132 158 120 203

C44 DFT 93.63 176.53 102.87 13.76 75.91 24.2 145.39
Exp 117 109 28.4 82.6 43.1 160

(a) a0 (b)C†
11

(c) C†
12 (d) C†

44

Fig. 3 Lattice parameters a0 and elastic constants C†
ij in six pure metals (when x = 0 or 1) and 45 Fe-based random

binary alloys (when 0 < x < 1) based on ferromagnetic (solid lines) and non-magnetic (dashed lines) DFT calculations.
Red and green open triangles denote data from prior experiments [36] and DFT calculations [35], respectively, for Fe1−xVx

(x ≤ 0.1)

conduct relaxation that allow for both cell shape and
volume to relax, resulting in very similar (< 0.5% dif-
ferent) lattice parameter. Value of the tentative lattice
parameter, i.e., 3 Å, does not affect the final, relaxed
lattice parameter, while an appropriate tentative value
indeed facilitates the relaxation process. Two sets of
DFT calculations are considered for all binary alloys.
The first set considers ferromagnetism of the Fe atoms,

while the other set does not consider the spin polar-
ization at all, i.e., assuming that Fe is non-magnetic.
To complement these results, basic structural parame-
ters of six pure metals—Fe, Mo, Nb, Ta, V, and W—
are provided. Data for the last five pure metals are
taken from our recent work [9], while those for Fe are
newly calculated in this paper, using a simulation cell
containing two Fe atoms for which non-magnetism or
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ferromagnetism is considered. For pure metals, all DFT
parameters are the same as those for alloys, except that
a k-point mesh of 11 × 11 × 11 is used instead.

3 Results and discussion

Lattice parameters a0 and elastic constants C11, C12,
and C44 in six pure BCC metals are presented in
Table 1. DFT data agree with experimental ones [40]
relatively well. It is found that Nb and Ta, which
are group 5 elements, have the largest a0, while Fe,
which is in group 8, the smallest. On average, W has
the largest elastic constants Cij , while Nb the small-
est. Non-magnetic calculations in Fe, denoted as FeNM,
yield smaller a0 and C11 as well as larger C12 and
C44, than ferromagnetic calculations. Prior DFT calcu-
lations in Fe also found that neglecting ferromagnetism
results in smaller a0 [5,6,13] and C11 [6], as well as
larger C12 and C44 [6], in agreement with our findings.

In a pure metal with a cubic lattice, some elastic
constants are non-zero and equal, that is

C11 = C22 = C33 �= 0 (1)
C12 = C23 = C13 �= 0 (2)
C44 = C55 = C66 �= 0, (3)

while all other constants are zero. For such a metal to
be elastically stable, all three Born criteria [51] must be
satisfied, that is

C11 − C12 > 0; C11 + 2C12 > 0; C44 > 0. (4)

Based on Table 1, the only material that is elastically
unstable is FeNM, for which C11 − C12 < 0, which was
also found in prior non-magnetic DFT [6] and tight-
binding [26] calculations.

In random alloys, Eqs. 1–3 usually do not hold and
elastic constants, such as C34, C45, and C56, are usu-
ally not zero. These were previously reported in FCC
[25] and BCC [52] random ternary alloys. Following our
recent work in BCC multi-principal element alloys [41],
we calculate the effective BCC elastic constants in all
random binary alloys using the following relationships:

C†
11 =

C11 + C22 + C33

3
(5)

C†
12 =

C12 + C13 + C23

3
(6)

C†
44 =

C44 + C55 + C66

3
. (7)

Values of a0, C†
11, C†

12, and C†
44 in 45 Fe-based ran-

dom binary alloys are summarized in Fig. 3, as a func-
tion of the chemical concentration x. Prior experimental
[36] and DFT [35] data for Fe1−xVx (x ≤ 0.1) are also
presented, and are compared favorably with our DFT
results.

Fig. 4 Difference between C†
11 and C†

12 in six pure metals
(when x = 0 or 1) and 45 Fe-based random binary alloys
(when 0 < x < 1) based on ferromagnetic (solid lines) and
non-magnetic (dashed lines) calculations. Above the hori-
zontal dash-dotted line, materials are elastically stable

Since Fe and FeNM have the smallest a0 among all
pure metals, value of a0 of Fe1−xAx or FeNM

1−xAx is
expected to increase with x. Figure 3a confirms this
monotonic, near-linear trend, suggesting that a0 of all
alloys may be accurately predicted using the simple
rule of mixtures based on a0 and concentration of con-
stituent metals.

However, the rule of mixtures would not be accurate
in predicting C†

ij of alloys, although the trend would be
correct in most cases, as shown in Fig. 3b–d. For C†

12,
its value in Fe is close to those in other five pure metals,
and C†

12 of Fe1−xAx is indeed largely insensitive to x. In
the meantime, FeNM has a much higher C†

12 than other
five pure metals. As a result, C†

12 of FeNM
1−xAx generally

decreases with an increasing x, albeit not linearly. The
variations of C†

11 and C†
44 among all alloys are similar

to that of C†
12, except C†

11 of FeNM
1−xTax and FeNM

1−xVx.
For these two sets of alloys, FeNM

0.9 A0.1 has a much larger
C†

11 than pure FeNM; then, as x increases, C†
11 gradually

decreases, until the material becomes pure Ta or pure
V.

Taken together, our DFT calculations suggest that
the simple rule of mixtures can provide relatively good
estimates of a0 and C†

ij when ferromagnetism is con-
sidered for Fe atoms but not necessarily so when mag-
netism is neglected. The latter conclusion holds true for
non-magnetic calculations in Cr-based random binary
alloys, as shown in Appendix A.

Since pure FeNM is elastically unstable because of
its negative value of (C11 − C12), it is interesting to
assess the elastic stability of FeNM

1−xAx by substituting
the three effective BCC elastic constants into Eq. 4.
To this end, values of (C†

11 − C†
12) in all pure metals

and alloys are plotted as a function of the concentra-
tion x in Fig. 4. It is found that most binary alloys
are elastically stable except pure FeNM, FeNM

1−xMox and
FeNM

1−xWx when x ≤ 0.3, and FeNM
1−xNbx when x ≤ 0.2.
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(a) Lattice parameter (b) Elastic constants

Fig. 5 a Lattice parameters and b elastic constants of six pure metals and 45 Fe-based random binary alloys based on
DFT calculations with ferromagnetism or without (superscript ‘NM’)

In the meantime, all FeNM
1−xTax and FeNM

1−xVx alloys are
stable, regardless of x. On the one hand, since all alloy-
ing elements are stable, non-magnetic, BCC metals, it
is expected that the elastic stability of FeNM

1−xAx would
be gradually improved as a result of the continuous
alloying, i.e., as x increases. On the other hand, it is
interesting that the effect of elastic instability of pure
FeNM quickly diminishes as its concentration in a binary
decreases. As for the Fe1−xAx alloys, all of them are
elastically stable, as expected.

Results so far show pronounced effects of ferro-
magnetism on basic structural parameters in pure
Fe and most Fe-based alloys. To better demonstrate
these effects, we present in Fig. 5 comparisons of lat-
tice parameters a0 and elastic constants C†

ij between
DFT calculations with ferromagnetism and those with-
out. For a0, the relative difference is within 3%, and
including ferromagnetism into DFT calculations always
increases a0. For C†

ij , the relative difference is much
larger than that in a0, and the effects of ferromagnetism
are more pronounced when Fe concentration is higher
(i.e., smaller x). The difference in the ferromagnetism
effects between a0 and C†

ij could be due to that the
lattice remains largely undistorted in calculating the
former, while it must be sufficiently distorted to obtain
the latter. Prior experiments [53] and calculations [54]
revealed that the magnetic property of a crystal could
be strongly influenced by the lattice distortion.

4 Conclusions

In this paper, we calculate basic structural parameters,
including lattice parameters and elastic constants in 45
random binary alloys that consist of Fe and one of five
BCC metals: Mo, Nb, Ta, V, and W. Two sets of DFT
calculations are conducted. The first set considers fer-
romagnetism of Fe atoms, while the second assumes
non-magnetism. It is found that the effects of ferromag-

netism are more pronounced for the elastic constants
than for the lattice parameter. In binary alloys, the
effects of ferromagnetism increase with the Fe concen-
tration. In particular, non-magnetic DFT calculations
predict elastically unstable pure Fe, some Fe1−xMox,
Fe1−xNbx, and Fe1−xWx, where x ≤ 0.2–0.3. We also
find that the simple rule of mixtures can provide a rel-
atively accurate estimation of structural parameters of
alloys only when ferromagnetism is included in DFT
calculations.
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A Non-magnetic DFT calculations in Cr-
based random binary alloys

Lattice parameters and elastic constants of 45 Cr-based ran-
dom binary alloys are calculated using non-magnetic DFT
calculations. Simulation details are the same as in Sect. 2.
Results are summarized in Fig. 6.
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(a) a0 (b)C†
11

(c) C†
12 (d)C†

44

Fig. 6 Lattice parameters a0 and elastic constants C†
ij in six pure metals (when x = 0 or 1) and 45 Cr-based random

binary alloys (when 0 < x < 1) based on non-magnetic DFT calculations
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