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A B S T R A C T

In this work, we utilize atomistic simulations to calculate the generalized stacking fault energies (GSFEs), which
are related to the dislocation glide process, on four types of slip planes – {110}, {112}, {123}, and {134} – in
two refractory multi-principal element alloys (MPEAs): MoNbTi and NbTiZr. To serve as a reference material
for MoNbTi, we develop, validate, and employ an 𝐴-atom interatomic potential, which is expected to represent
the response of the nominal random solution. Our calculations show that, owing to the variation in local
chemical composition within small finite nanometer sized planes, (i) the peak GSFE values vary significantly
among parallel planes; (ii) within the same specific {110} plane, substantial differences in the GSFE curves
along the two non-parallel ⟨111⟩ directions are observed; (iii) the {110} GSFE curves develop an asymmetry,
such that the peak energy is not achieved at half the lattice periodicity length, (iv) the GSFE value after a shift
equaling the lattice periodicity length is not recovered; and (v) on average, the peak GSFE values are close to
the volume fraction average of the peak GSFEs of their constituents.

1. Introduction

In most traditional multi-element alloy design, there is one principal
element that forms the matrix and various additional elements in
smaller amounts are added to enhance particular structural proper-
ties [1]. In using multi-component phase diagrams, traditional alloy
development has been focused on the corners and edges, but not
the central region of these diagrams where there are more than one
principal elements [2]. In 2004, Yeh et al. [3] and Cantor et al. [4]
reported that some carefully chosen equimolar compositions of five el-
ements form stable solid solution phases on an underlying face-centered
cubic (FCC) lattice. These alloys are generally termed ‘‘multi-principal
element alloys (MPEAs)’’. Studies of FCC MPEAs have discovered many
MPEAs of three or more elements to possess outstanding strength
and ductility [5]. Later, Senkov et al. [6] developed new equimolar
compositions of five elements that formed stable solid solution body-
centered cubic (BCC) phases. Reports on the strength and ductility of
refractory BCC MPEAs, containing at least one refractory metals (Mo,
Nb, Re, Ta, and W), have been equally stunning [7,8], such as retention
of high strengths up to 1600 ◦C [9].

Sharing the same lattice structure as pure BCC metals, the plastic de-
formation in BCC MPEAs is also governed by the motion of dislocations
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on particular crystallographic planes [10]. In most crystals, the glide
of a dislocation in a crystallographic plane involves in-plane shearing
and breaking bonds across the plane [11]. The resistance to dislocation
glide is in part related to the potential energy associated with shearing
the plane, called the generalized stacking fault energy (GSFE) [12].
GSFEs can be calculated using atomistic techniques such as density
functional theory (DFT) or molecular statics (MS) techniques [13]. The
calculation entails shearing one half crystal over another half across a
specific crystallographic plane.

To date, the GSFE has proven in many ways to play an integral part
in understanding or modeling dislocation properties and motion [14].
Key local GSFE minima or maxima, the GSFE variation in one special
direction, or even the entire surface considering all in-plane directions
are employed to determine the geometry of equilibrium core struc-
tures [15,16]. For example, in an FCC pure metal, the local minimum,
named the intrinsic stacking fault (ISF) energy, is, to the first order,
inversely proportional to the ISF width of an extended dislocation [17,
18]. In BCC Fe, the structure and glide stress of an edge dislocation are
strongly correlated with the shape of the GSFE curve [19]. Parameter-
ized functions of the GSFE curves or surfaces have been incorporated
into phase-field dislocation models [20] to calculate the critical stresses
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required to expand loops from boundaries and surfaces in crystals.
GSFE curves have also been used to gain insight into the preferred
slip systems in phases that are challenging to test directly, such as
pseudo-morphic phases or high-pressure phases [21–23]. GSFE curves
containing different amounts of solute atoms on the shear plane have
helped to understand the effects of alloy concentrations on slip system
propensity [24–26].

The type of atoms, their arrangement, and lattice spacings within
and across the plane collectively determine the GSFEs. In pure metals,
the GSFE landscape is periodic within the glide plane. However, given
the random chemical compositions in MPEAs, it is expected that the
GSFE landscapes in them are no longer periodic. As a result, there exists
a spatial variation in the GSFE within a sheared plane and among sepa-
rate parallel planes from the same volume with a nominal distribution.
Recent works have demonstrated that the ISF width of initially straight,
extended dislocations exhibits an in-plane variation along its length, in
many FCC MPEAs, e.g., CoCrNi [27,28], CoFeNi [29], CoCrFeNi [28],
CoCuFeNi [29], Co30Fe16.67Ni36.67Ti16.67 [30,31], CoCrCuFeNi [32],
and CoCrFeMnNi [28]. From any point on the GSFE landscape, shear
displacements of a lattice length usually do not recover the same GSFE
value, a point demonstrated by CoCrNi MPEAs [27]. As another conse-
quence, unlike in pure metals where all GSFE values are non-negative,
some GSFE values in MPEAs may be negative. A number of studies
involving atomic scale GSFE calculations of FCC CoNi-based MPEAs,
have reported that a substantial fraction of the sampled areas sheared
produced negative ISF energy values [27,33,34]. Last, the GSFE values
in MPEAs depend on the size of the area being sheared, 𝐴gsf , within
which the local chemical composition may vary significantly. In a pure
metal, a slip plane area size is selected that appropriately represents
the lattice structure or in a dilute alloy, its composition. For an MPEA,
𝐴gsf would need to be sufficiently large to reflect the composition
of the nominal solid solution. Indeed, defining a representative slip
plane area in GSFE calculations for a highly concentrated MPEA is
not as straightforward. When 𝐴gsf is small, the chemical composition
within the finite area does not necessarily match that of the 3D volume
from which it is taken. Hence, a variation among the GSFE values for
different specific glide planes from the 3D volume can be expected.
Prior MS calculations in FCC NiFe found that, on the {111} slip planes,
a smaller 𝐴gsf leads to a larger standard deviation of the ISF energy,
while the mean ISF energy value remains unchanged [35].

However, there is value in studying the local variations in the GSFE
among different areal regions or crystallographic planes in a volume
of MPEA. An individual dislocation does not sample an infinitely large
region at any one time. As dislocations sweep across the glide plane
in an MPEA, they would encounter regions varying, with atomic scale
frequency, in the type of atoms. The potential energy associated with
the shear dislocations incur can be expected to constantly change. With
respect to the length scales covered by a moving dislocation, it would
be useful to understand the potential energies to shear areal regions on
the order of one to ten times the Burgers vector.

In this work, using atomistic simulations, we take a first look at
the effect of fluctuations in the chemical composition, characteristic of
refractory MPEAs, on the variation in the GSFE with shear displace-
ment over one or a few lattice periodicity distances. We study these
MPEA effects on GSFEs in two equal-molar ternary refractory alloys,
MoNbTi and NbTiZr, which were recently shown to desirably possess
low densities and high specific strengths [36–38]. GSFE calculations
focus on the four types of slip planes in BCC crystals: {110}, {112},
{123}, and {134}. To quantify the MPEA effect, GSFE calculations are
repeated on three pure metals for reference: the two constituent pure
BCC metals, Mo and Nb, and a hypothetical pure BCC metal enabled
by an 𝐴-atom interatomic potential, wherein all atoms possess average
properties of the MPEA. The interatomic potentials for the MoNbTi and
its 𝐴-atom equivalent are developed and validated here, following those
methods employed previously for NbTiZr [39]. We show that the peak
GSFE values vary significantly among parallel planes and within the

same specific {110} plane, there are substantial differences in the GSFE
curves along the two non-parallel ⟨111⟩ directions. Interestingly, we
also find that on average, the peak GSFE values are close to the volume
fraction average of the peak GSFEs of their constituents.

2. Interatomic potentials

2.1. Alloy and 𝐴-atom potentials

Here, embedded-atom method (EAM) potentials are used for each
MPEA. The EAM formulation for the potential energy is given by [40]

𝐸 = 1
2

𝑁
∑

𝑖

𝑁nei
∑

𝑗
𝑗≠𝑖

𝑉 (𝑅𝑖𝑗 ) +
∑

𝑖
𝐹 (�̄�𝑖) (1)

where 𝑁 is the number of atoms, 𝑁nei is the number of neighboring
atoms of atom 𝑖, 𝑉 is the pair potential, 𝐹 is the embedding potential,
�̄�𝑖 is the host electron density at atom 𝑖, 𝑅𝑖𝑗 is the norm of vector 𝐑𝑖𝑗

pointing from atom 𝑖 to atom 𝑗, i.e.,

𝐑𝑖𝑗 = 𝐑𝑗 − 𝐑𝑖 (2)
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where 𝜌𝑖𝑗 is the local electron density contributed by atom 𝑗 to atom 𝑖.
Here, formulations of 𝑉 and 𝜌𝑖𝑗 only involve the type of atom 𝑖 and the
distance between atom 𝑖 and its neighboring atom 𝑗, 𝑅𝑖𝑗 , regardless of
the type of atom 𝑗. For example, let atom 𝑖 be Nb, then 𝑉 and 𝜌𝑖𝑗 depend
only on 𝑅𝑖𝑗 for any atom 𝑗 which may be Mo, Ti, or Zr. It follows then
that an ‘‘alloy potential’’ can be developed for each MPEA, based on the
EAM potential for pure metals, including Mo, Ti, Zr [41], and Nb [42].
This type of potential has been used to account for lattice distortion
and chemical disorder in BCC refractory MPEAs, e.g., NbTiZr [39] and
NbTaV [43,44], and will be used for the two MPEAs here.

In order to quantify an MPE effect, a reference pure metal needs
to be defined and its properties are compared to those of the MPEA.
Possible reference metals include two constituent metals, Mo and Nb,
which share the same stable BCC crystal structure as the parent MPEA
in ambient conditions. Many interatomic potentials currently exist for
these two metals, e.g., Refs. [45,46], with varying degrees of suitability
for simulating defect energetics and motion. However, for consistency,
we elect to employ the same EAM potentials [41,42] used to build the
alloy potentials.

As a third material reference, it is possible to consider a hypothetical
pure metal, with single atom bond properties consistent with that
of the average MPEA. In 2016, the interatomic potential for such a
pure metal, named the ‘‘average-atom potential’’ or ‘‘𝐴-atom poten-
tial’’, was validated in terms of dislocations in MPEAs [47,48]. This
type of potential provides a mean-field representation of the MPEA
by approximating the interaction between any two elements as a
weighted average. As a result, it cannot account for lattice distortion
or chemical disorder. 𝐴-atom potentials have been developed for mul-
tiple MPEAs, including, but not limited to, CrFeNi [47], NbTiZr [39],
Co16.67Fe36.67Ni16.67Ti30 [49], Co30Fe16.67Ni36.67Ti16.67 [30], and
CoCrCuFeNi [32].

Since there is currently no 𝐴-atom potential for MoNbTi, this poten-
tial is developed here. In what follows, 𝑋 and 𝑌 denote different types
of elements. For example, 𝐹𝑋 (

�̄�𝑖
)

is the embedding potential for atom
𝑖 which is element 𝑋. The 𝐴-atom EAM formulation for the potential
energy is [47,48]

𝐸 = 1
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where ⟨⋯⟩ takes the average, and
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Fig. 1. Atomistic structures of (a,b) SQS110, (c) SQS112, (d) SQS123, and (e) SQS134. Red, green, and gray atoms are, respectively, Mo, Nb, and Ti in MoNbTi MPEA, and Nb, Ti,
and Zr in NbTiZr MPEA. The crystallographic orientations are: 𝑥 ⟨112⟩, 𝑦 ⟨110⟩, and 𝑧 ⟨111⟩ in SQS110, 𝑥 ⟨110⟩, 𝑦 ⟨112⟩, and 𝑧 ⟨111⟩ in SQS112, 𝑥 ⟨145⟩, 𝑦 ⟨123⟩, and 𝑧 ⟨111⟩ in SQS123,
and 𝑥 ⟨257⟩, 𝑦 ⟨134⟩, and 𝑧 ⟨111⟩ in SQS134. Along the 𝑦 direction, there are 12 {110}, 24 {112}, 28 {123}, and 26 {134} atomic planes, respectively, in the four SQS. Atoms within
the blue boxes in (b–e) are taken into account in plotting the USFE-composition maps in Fig. 6, Fig. 7, and Fig. 8. Visualization was realized via OVITO [50].
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where 𝑁T is the number of elemental types, and 𝑐𝑋 and 𝑐𝑌 are atomic
concentrations of elements 𝑋 and 𝑌 , respectively. In addition, the
average atomic mass 𝑚𝐴 =

∑𝑁T
𝑋 𝑐𝑋𝑚𝑋 and the average cutoff distance

𝑟𝐴c =
∑𝑁T

𝑋 𝑐𝑋𝑟𝑋c . Hereinafter, to distinguish the two types of potentials,
the 𝐴-atom potential will be denoted by a subscript ‘‘𝐴’’, while the alloy
potential has no subscript.

Among the four MPEA potentials used here, only the NbTiZr and
NbTiZr𝐴 potentials have been benchmarked against DFT calculations
[39]. Toward validating both potentials for MoNbTi, we calculate some
essential quantities, such as the lattice parameter 𝑎0, cohesive energy
𝐸coh, and elastic constants 𝘾 , using MS, and in Section 2.5, compare
these results to those based on DFT and available experimental data.

2.2. Method: Special quasirandom structures

Constructing the atomic models used in MS and DFT calculations for
the MPEAs begins with a 3D representative volume of a random solid
solution of the three elements in equal amounts. Special quasi-random
structures (SQS) [51] using ATAT [52] are first built and then used as
building blocks of larger simulation cells for subsequent calculations.
For each ternary MPEA, three SQS are used. Each SQS is defined by
its 𝑦 axis, which lies normal to one of the four types of slip planes:
{110}, {112}, {123}, and {134} planes. We denote these four SQS
as SQS110, SQS112, SQS123, and SQS134. In all, the 𝑧 axis is directed
along ⟨111⟩, which is the shift direction, and the 𝑥-axis lies in-plane in
the transverse direction. The magnitude of the Burgers vector of a full
dislocation 𝐛 = (𝑎0∕2) ⟨111⟩ is the same for all cases. Let 𝐿𝑥, 𝐿𝑦, and
𝐿𝑧, respectively, be the edge lengths of the SQS along the 𝑥, 𝑦, and
𝑧 directions. As shown in Fig. 1, SQS110 has 72 atoms and 12 {110}
atomic planes, with 𝐿𝑧 = 2𝑏; SQS112 has 72 atoms and 24 {112} planes,
with 𝐿𝑧 = 3𝑏; SQS123 has 84 atoms and 28 {123} planes, with 𝐿𝑧 = 𝑏;
last, SQS134 has 78 atoms and 26 {134} planes, with 𝐿𝑧 = 𝑏. In these
3D volumes, the cross-sectional area on the slip plane, 𝐴gsf = 𝐿𝑥𝐿𝑧,
ranges approximately from 40 to 80 Å2.

2.3. Method: Molecular statics

MS simulations are carried out using LAMMPS [53]. To calculate
the lattice parameter 𝑎0, a series of periodic simulation cells containing
SQS110 of different sizes are used, and for each size, the energy is
calculated. For the cell size with the smallest bulk energy 𝐸bulk , 𝑎0 and
cohesive energy 𝐸coh are obtained. For example, for MoNbTi, we have

𝐸MoNbTi
coh =

𝐸Mo
free + 𝐸Nb

free + 𝐸Ti
free

3
−

𝐸MoNbTi
bulk
𝑁bulk

(8)

where 𝑁bulk is the number of atoms in the bulk (for SQS110, 𝑁bulk = 72),
and 𝐸f ree = 0 is the energy of a free atom in MS simulations. This
procedure is repeated for SQS112, SQS123, and SQS134. We find that
among the four SQS, both 𝑎0 and 𝐸coh differ by less than 1%. Once 𝑎0
is determined, the stiffness tensor 𝘾 is calculated via the stress–strain
approach.

2.4. Method: Density functional theory

DFT calculations are conducted in MoNbTi via VASP [54]. Based
on the projector augmented wave method [55,56], a pseudopoten-
tial using a plane-wave basis with a cutoff energy of 336.876 eV is
adopted. To approximate the exchange–correlation energy functional,
the Perdew–Burke–Ernzerhof formulation of the generalized gradient
approximation is used [57]. The conjugate gradient scheme is em-
ployed for the electronic self-consistent loop. Convergence is reached
when the total free energy change between two steps are smaller than
10−4 eV [58]. The Brillouin zone is constructed by the Monkhorst–
Pack scheme [59], with a smearing width of 0.2 eV based on the
Methfessel–Paxton smearing method [60].

In DFT, we use similar procedures to calculate 𝑎0, 𝐸coh, and 𝘾 as
those described earlier for MS. For 𝑎0, 𝐸bulk , and 𝘾 , the free energy
without ionic relaxation is calculated with a 𝑘-point mesh of 5 × 3 × 8.
Unlike in MS simulations, the energy of a free atom, 𝐸f ree, is usually
not zero in DFT and is calculated by considering one atom in a cube
of 15 Å × 15 Å × 15 Å with a single 𝑘-point, with magnetism taken
into account. Note that in all other DFT calculations, magnetism is not
considered. The elastic tensor 𝘾 is calculated in AELAS [61] via the
energy-strain approach, which in theory yields the same result as the
stress–strain method [62].
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Table 1
Lattice parameter 𝑎0 (in Å), cohesive energy 𝐸coh (in eV), effective BCC elastic constants 𝐶†

11, 𝐶†
12, and 𝐶†

44 (in GPa), Zener ratio 𝐴c, isotropic Poisson’s ratio in
Hill form 𝜈H, isotropic shear modulus in Hill form 𝜇H (in GPa), and isotropic Young’s modulus in Hill form 𝐸H

Y (in GPa), of MoNbTi and NbTiZr predicted by
MS simulations. MS𝐴 denote results obtained based on the 𝐴-atom potentials for MPEAs. MS results in Mo, Nb, as well as those from current and prior DFT
calculations and prior experiments (Exp) are also presented. For 𝐸H

Y , all results are based on single crystals, except the two experimental results for MPEAs
[36,37] which are based on polycrystals.
Material Method 𝑎0 𝐸coh 𝐶†

11 𝐶†
12 𝐶†

44 𝐴c 𝜈H 𝜇H 𝐸H
Y

Mo

MS 3.135 6.81 458.76 167.84 114.32 0.79 0.29 125.9 326.03
DFT [63] 3.16 6.35 467.85 158.75 100.22 0.65 0.3 119.29 310.67
Exp [64] 3.147 465 163 109 0.72 0.3 124.22 322.09
Exp [65] 6.82

Nb

MS 3.3 7.57 263.56 125.28 35.03 0.51 0.38 46.16 127.07
DFT [63] 3.324 6.91 249.01 135.43 18.1 0.32 0.42 29.23 83.02
Exp [64] 3.301 245 132 28.4 0.5 0.4 37.55 104.9
Exp [65] 7.57

MoNbTi

MS𝐴 3.234 6.42 251.85 138.84 78.72 1.39 0.33 68.93 182.97
MS 3.234 6.42 241.23 134.48 76.8 1.44 0.33 66.38 176.22
DFT 3.225 6.21 252.13 134.11 32.41 0.55 0.39 41.29 114.78
DFT [66] 3.227
DFT [67] 3.239 290.9 128.1 61.5 0.76 0.33 68.81 183.37
Exp [36] 3.23 183 ± 30

NbTiZr

MS𝐴 3.399 6.29 149.57 111.46 61.47 3.23 0.36 38.51 104.73
MS 3.399 6.29 141.32 111.7 57.63 3.89 0.37 33.61 92.36
DFT [39] 3.39 143 111 64 4 0.36 36.95 100.69
Exp [37] 3.4 80.4

Fig. 2. Selected GSFE curves on four types of slip planes in MoNbTi, based on MS simulations using alloy and 𝐴-atom potentials. For each type of slip plane, only selected GSFE
curves are presented with the plane indices included in the keys. Corresponding DFT results for three lower order planes are presented in Fig. 4.



Intermetallics 124 (2020) 106844

5

S. Xu et al.

Fig. 3. Selected GSFE curves on four types of slip planes in NbTiZr, based on MS simulations using alloy and 𝐴-atom potentials. For each type of slip plane, only selected GSFE
curves are presented with the plane indices included in the keys.

2.5. A comparison between MS, DFT, and experiments

Table 1 presents the lattice parameters 𝑎0 and cohesive energies
𝐸coh, calculated by MS and compares them to current and prior DFT
calculations, as well as experiments. As shown, 𝑎0 and 𝐸coh are in good
agreement among MS, DFT, and the measurements.

Also compared in Table 1 are the elastic constants. For pure metals,
including Mo, Nb, and two MPEAs using their 𝐴-atom potentials, the
elastic tensor 𝘾 has three independent constants, 𝐶11, 𝐶12, and 𝐶44.
However, for relatively small super cells of MPEAs, the BCC crystalline
symmetry can be broken [34]. Based on MS simulations in the standard
𝑥[100], 𝑦[010], 𝑧[001] framework, 𝘾 for MoNbTi and NbTiZr using their
alloy potentials are, respectively,

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎣

242.68
134.86 242.69
134.28 134.29 238.32 Symm
−0.12 −0.46 −0.49 76.74
−0.18 0.31 −0.23 0.17 76.95
−0.83 −0.38 −0.76 0.25 −0.15 76.71

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎦

, (9)

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎣

140.07
111.66 140.07
111.9 111.55 143.82 Symm
−0.15 0.06 0.16 57.59
0.83 0.26 0.8 1.8 57.44
0.02 0.32 −0.84 0.62 0.21 57.86

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎦

. (10)

On the other hand, the elastic constants for MoNbTi from DFT
calculations are

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎣

253.76
137.91 249.2
128.61 135.82 253.42 Symm
−3.9 0.2 1.38 31.22
−1.69 −5.4 2.42 −3.87 27.81
0.51 0.31 −4.39 0.96 3.28 38.19

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎦

(11)

where all components are in reasonable agreement with those based
on MS (Eq. (9)) except 𝐶44, 𝐶55, and 𝐶66. This is, however, expected
because our prior DFT calculations in FCC [68] and BCC [63] pure
metals showed that DFT-based values of 𝐶44 (which equals 𝐶55 and 𝐶66
in these metals) are almost always lower than those in experiments.

We then determine the effective BCC elastic constants from the
calculated results, using the following relationships [34]

𝐶†
11 =

𝐶11 + 𝐶22 + 𝐶33
3

(12)

𝐶†
12 =

𝐶12 + 𝐶13 + 𝐶23
3

(13)

𝐶†
44 =

𝐶44 + 𝐶55 + 𝐶66
3

(14)

Employing the Zener ratio 𝐴c = 2𝐶†
44∕(𝐶

†
11 − 𝐶†

12) as a measure
of the degree of cubic elastic anisotropy, we find that, based on MS
simulations, MoNbTi is nearly isotropic (𝐴c = 1.44), while NbTiZr is
highly anisotropic (𝐴c = 3.89).
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Fig. 4. Selected GSFE curves on three lower order slip planes in MoNbTi, based on DFT calculations. For each type of slip plane, only selected GSFE curves are presented with
the plane indices included in the keys.

As another comparison with the experimental data, we need to
calculate the Young’s modulus from 𝘾 in order to compare with mea-
surements made on polycrystalline MoNbTi [36] and NbTiZr [37]. To
this end, we estimate the equivalent isotropic constants via the Hill
average (denoted by the superscript H) [69] because it well reproduces
the bulk modulus compared to measurements [18,70]. The isotropic
Poisson’s ratio 𝜈H, isotropic shear modulus 𝜇H, and isotropic Young’s
modulus 𝐸H

Y are, respectively,

𝜈H =
𝐶†
11 + 4𝐶†

12 − 2𝐶†
44

8𝐶†
11 + 12𝐶†

12 + 4𝐶†
44

+
(𝐶†

11)
2 + 2𝐶†

12(3𝐶
†
44 − 𝐶†

12) + 𝐶†
11(𝐶

†
12 − 2𝐶†

44)

4[(𝐶†
11)

2 + 𝐶12(𝐶
†
44 − 2𝐶†

12) + 𝐶†
11(𝐶

†
12 + 3𝐶†

44)]
(15)

𝜇H =
𝐶†
11 + 3𝐶†

44 − 𝐶†
12

10
+

5(𝐶†
11 − 𝐶†

12)𝐶
†
44

6𝐶†
11 − 6𝐶†

12 + 8𝐶†
44

(16)

𝐸H
Y = 2𝜇H(1 + 𝜈H) (17)

Results of 𝜈H, 𝜇H, and 𝐸H
Y are summarized in Table 1. For MoNbTi,

our DFT calculations, which use pseudopotentials, predict that 𝐸H
Y =

114.78 GPa. A prior DFT calculation [67], which employed the ex-
act muffin-tin orbitals method, predicted 𝐸H

Y = 183.37 GPa. Using
the alloy and 𝐴-atom potentials, our MS simulations predict 𝐸H

Y =
176.22 GPa and 182.97 GPa, respectively, which are within the range
of the experimental value for polycrystals (183 ± 30 GPa) [36].

Based on the reasonable agreement between the values of 𝑎0, 𝐸coh,
and 𝘾 from MS simulations and those from available DFT and exper-
imental measurement, we feel confident to use the alloy and 𝐴-atom

potentials for MoNbTi in subsequent GSFE calculations. Later, as a
further validation, we will compare some GSFE curves for MoNbTi
using DFT with those using MS. As mentioned earlier, we will also
calculate GSFEs for NbTiZr using the alloy and 𝐴-atom potentials in MS.
Note that these two potentials have already been benchmarked against
DFT [39].

3. Generalized stacking fault energies

3.1. Method: Molecular statics

To calculate the GSFE, 𝛾gsf , a slip plane within the SQS must be
selected. Each SQS contains multiple slip planes with distinct atomic
arrangements and the value of 𝛾gsf between two distinct slip planes will
not be the same [34,35,71,72]. To obtain GSFE curves for each distinct
plane in the SQS, the following procedure is used. By way of example,
the description focuses on the {110} plane, but the same method is
applied to the three higher order planes. SQS110 has 12 {110} atomic
planes along the 𝑦 direction, from which 12 distinct {110} plane GSFE
curves can be calculated. For each realization, denoted as SQS†110, the
model is built by sequentially moving the atomic planes in the SQS
downwards (from say the top to the bottom), so that each SQS†110 has
a different mid-plane (e.g., plane 6 in Fig. 1(a–b)). For each SQS†110,
a simulation cell is then constructed by adding a vacuum of 12 Å to
its end along the 𝑦 direction such that the periodic images do not
interact with each other. It follows then that the top six atomic planes
are displaced with respect to the bottom six atomic planes along the
𝑧 ⟨111⟩ direction. After each displacement, the top two and bottom two
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Fig. 5. (a) An illustration of two non-parallel ⟨111⟩ within the same (110) plane, with 𝛽 = 70.53◦. The atomic structure is taken from SQS110. Shown also are the differences in
the GSFE values, Δ𝛾gsf , along the two ⟨111⟩ directions in (b) MoNbTi and (c) NbTiZr. Selected GSFE curves are presented with the plane indices included in the keys. Results are
based on MS simulations using alloy potentials.

Table 2
Means (�̄�usf ) and standard deviations (𝑠usf ) of USFEs (in mJ/m2) of MoNbTi and NbTiZr using their alloy potentials on four types of slip planes
predicted by MS simulations. MSave and MS𝐴, respectively, denote results obtained based on Eq. (21) and the 𝐴-atom potentials for MPEAs.
Current MS results of Mo and Nb are shown as references. Results from prior DFT calculations for Mo and Nb [63] and current DFT calculations
for MoNbTi are also presented.
Plane Method Mo Nb MoNbTi NbTiZr

𝛾usf 𝛾usf �̄�usf 𝑠usf �̄�usf 𝑠usf

{110}

MSave 802.01 424.48
MS𝐴 747 461.39
MS 1458.05 604.87 744.63 112.38 446.54 66.28
DFT 1443.39 676.78 764.9 122.76

{112}

MSave 925.65 485.69
MS𝐴 866.38 530.98
MS 1689.03 697.23 852.1 127.68 503.94 88.09
DFT 1465.13 768.82 865.3 118.39

{123}

MSave 909.57 478.04
MS𝐴 849.89 517.74
MS 1657.93 684.71 850.18 129.89 508.76 38
DFT 1481.35 767.42 910.65 124.83

{134}
MSave 891.41 471.07
MS𝐴 835.45 513.05
MS 1622.44 670.69 834.75 85.15 503.28 50.97

atomic planes are fixed while the remaining eight planes in the center
are allowed to relaxed along the 𝑦 direction. Energy minimization
is realized by combining the conjugate gradient scheme and the fast
inertial relaxation engine [73], and is terminated when one of the
following two criteria is satisfied: (i) the change in energy between
successive iterations divided by the most recent energy magnitude is
less than or equal to 10−12 and (ii) the length of the global force vector
for all atoms is less than or equal to 10−12 eV/Å. For each SQS†110, the
displacement 𝑑𝑧 stops when it reaches 𝐿𝑧. In this way, 101 𝛾gsf values
in one GSFE curve are calculated for each SQS†110. Following similar
procedures, for each MPEA, we further obtain 24 GSFE curves on {112}

planes, 28 GSFE curves on {123} planes, and 26 GSFE curves on {134}
planes. Note that for the highest order plane, each SQS†134, whose 𝐿𝑦 is
too small, repeats itself once along the 𝑦 direction before the vacuum
is added. The MS calculations are done in both MoNbTi and NbTiZr.

3.2. Method: Density functional theory

In DFT, the same procedure used in MS is followed. A 𝑘-point mesh
of 5 × 1 × 8 is adopted. The ionic relaxation stops when the total
energy between two steps is smaller than 10−3 eV/atom. Due to the
high computational cost in DFT, 41 values are calculated per GSFE
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Fig. 6. USFE values (in mJ/m2) correlated with the local chemical compositions on four types of slip planes in MoNbTi. The black circles in the center indicate the equal-molar
composition. Results are based on MS using the alloy potential. Corresponding DFT results for three lower order planes are presented in Fig. 8.

curve, and only three lower order planes – {110}, {112}, and {123}
– in MoNbTi are considered.

4. Results and discussions

4.1. GSFE curves for the {110} planes

We first examine the {110} GSFE curves calculated via MS for the
two MPEAs, presented in Fig. 2(a) and Fig. 3(a). The corresponding
GSFE curves in MoNbTi based on DFT are presented in Fig. 4(a). Each
{110} GSFE calculation spans displacements over the full edge length
𝐿𝑧, which equals two lattice periodicity distances along the 𝑧 ⟨111⟩
direction. For reference, the {110} GSFE curves for Mo, Nb, and 𝐴-atom
potential-based MPEAs are also shown. Both the pure metal and MPEA
GSFE curves reach a single peak value within each periodic length 𝑏,
commonly called the unstable stacking fault energy (USFE), 𝛾usf , and
hence, with no local minimum or metastable states. In this respect, the
pure metals and MPEAs are similar.

The MPEA GSFE curves, however, exhibit many other properties
that deviate from GSFE curves of those of Mo and Nb as well as the
effective 𝐴-atom pure metal, indicating a significant local MPE effect
on the GSFEs. One outstanding MPE effect is the clear variation in
properties among the {110} GSFE curves shown for the same MPEA.
This dispersion rises from differences in the in-plane chemical com-
position among the GSFE calculations. Each GSFE curve samples a
different crystallographic plane from the 3D random solid solution and

the atomic arrangements and compositions in each plane are not the
same. The effect is most predominantly seen in the value of 𝛾usf . For
similar reasons, variations in local maxima and minima in {111} GSFEs
in FCC MPEAs have been reported [71,72]. Table 2 reports the mean
and standard deviation in 𝛾usf considering all 24 values for the two
MPEAs. It can be expected that in the limit of large sampling planes
𝐴gsf , all {110} 𝛾usf would closely match that calculated with the 𝐴-atom
potential.

Another MPE effect that emerges in these GSFE curves is an in-plane
anisotropy between the two distinct ⟨111⟩ directions in each {110}
plane. Fig. 5 plots the difference in the variation of GSFE between
the two ⟨111⟩ directions belonging to the same specific {110} plane.
A pure metal would lead to identical GSFE curves for these two in-
plane ⟨111⟩ directions. In contrast, in the MPEAs, we find that the two
⟨111⟩ directions are not equivalent and their GSFE values differ by up to
70 mJ/m2. The differences emerge not only in the peak value, 𝛾usf , but
for all in-plane shear displacements over the entire lattice periodicity
distance. Indeed, each atom in MPEAs has neighbors that are of random
elemental type, and thus the bond strengths along these two in-plane
⟨111⟩ directions are no longer equivalent as they are in a pure metal.
We find here that at least within a short length span, the local chemical
variation gives rise to notable in-plane anisotropy with respect to the
⟨111⟩ direction is being sheared as well as sense of direction in which
a given direction is sheared.

A final MPEA effect arising from these calculations includes an
asymmetry in these GSFE curves, in which the peak value 𝛾usf is not



Intermetallics 124 (2020) 106844

9

S. Xu et al.

Fig. 7. USFE values (in mJ/m2) correlated with the local chemical compositions on four types of slip planes in NbTiZr. The black circles in the center indicate the equal-molar
composition. Results are based on MS using the alloy potential.

achieved at the half lattice shift: 𝑑𝑧 = 𝑏∕2 in the first period and 3𝑏∕2
in the second period, as it does in pure metals. This MPEA-induced
asymmetry implies that for an MPEA, a single calculation at 𝑏∕2 (or
3𝑏∕2) would not necessarily give the local maximum 𝛾usf , and the
variation in the GSFE with ⟨111⟩ displacement over the full periodic
length would need to be calculated to identify 𝛾usf .

These MPEA-induced changes in the fundamental properties of the
{110} GSFE could result in large changes in the motion of individual
dislocations and noticeable effects on material behavior. The MPEA-
induced asymmetry of the {110} GSFE curve would then give rise to
an anisotropy in resistance to glide, meaning that the resistance to shear
in one direction is not equal to that when shearing in the opposite
direction. The variation in the GSFE curves from one periodic region
to the next and between the two ⟨111⟩ directions implies that the slip
resistance changes dynamically as the dislocation glides. The variable
shear resistance is on the order of the lattice spacing within their habit
plane. Further, dislocations gliding on co-planar systems or parallel
planes in the same MPEA would experience vastly different resistances.

4.2. GSFE curves for the {112}, {123}, and {134} planes

Next, we examine the GSFE curves calculated for the three higher
order planes, {112}, {123}, and {134}, some of which are presented
in Fig. 2(b–d) and Fig. 3(b–d), respectively, for MoNbTi and NbTiZr.
The corresponding GSFE curves on {112} and {123} planes in MoNbTi
based on DFT are presented in Fig. 4(b,c). As mentioned in Section 2.2,

the edge lengths of the SQS along the 𝑧 direction, 𝐿𝑧, are 3𝑏, 𝑏, and
𝑏, respectively, for SQS112, SQS123, and SQS134. Therefore, there are
three, one, and one period in each {112}, {123}, and {134} GSFE
curve, respectively. In each period, we find one peak GSFE value,
𝛾usf , like the {110} plane. Also similarly, one outstanding MPE effect
here is the variation in the GSFE curves between even periodic lattice
regions in the same specific plane as well as among parallel planes. The
shift distance corresponding to 𝛾usf noticeably varies as well. Given the
numbers of unique slip planes (24, 28, 26) in each type of SQS, there
are 72, 28, and 26 𝛾usf values, respectively, for these three types of slip
planes. Table 2 lists the mean and standard deviation in 𝛾usf on the three
higher order planes, which are found to be just as broadly distributed
as those on the {110} plane. As before, we find that for the same type of
slip plane in the same MPEA, the mean value of 𝛾usf closely matches that
obtained from the effective 𝐴-atom potential. Again, this suggests that
the 𝐴-atom potential-based 𝛾usf well represents what would be achieved
in the limit of large sampling area.

4.3. Slip plane anisotropy in the USFE

Due to their relation to the resistance to glide by dislocations, local
maximum and relative changes in the GSFE curves can provide insight
into slip plane selection, particular in BCC crystals where possible
slip modes are distinguished by their crystallographic planes [74].
Comparing across the four slip planes {110}, {112}, {123}, and {134}
in Mo and Nb, the plane with the lowest 𝛾usf is the {110} plane and the
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Fig. 8. USFE values (in mJ/m2) correlated with the local chemical compositions on three lower order slip planes in MoNbTi, based on DFT calculations. The black circles in the
center indicate the equal-molar composition.

three higher order planes, {112}, {123}, and {134}, have similar 𝛾usf .
This order is preserved in MPEAs, for both that based on the 𝐴-atom
potential and the mean value based on the alloy potential. In other
words,

𝛾110usf < 𝛾112usf ≈ 𝛾123usf ≈ 𝛾134usf , (18)

�̄�110usf < �̄�112usf ≈ �̄�123usf ≈ �̄�134usf . (19)

One noticeable MPE effect here is the reduction in the difference be-
tween 𝛾usf between the three higher order planes in MPEAs, compared
with the pure metals. Reduced anisotropy in the shear resistance among
slip modes, however small, suggests a rise in the number of available
slip modes and overall more uniform plastic deformation on all possible
slip planes.

Taken together, our results show that, on the same type of slip
plane, the mean 𝛾usf value for MoNbTi lies between 𝛾usf for pure Mo
and pure Nb, and the mean 𝛾usf value for NbTiZr is below that for Nb.
In summary

𝛾Mo
usf > �̄�MoNbTi

usf ≈ 𝛾MoNbTi𝐴
usf > 𝛾Nbusf > �̄�NbTiZrusf ≈ 𝛾NbTiZr𝐴usf . (20)

4.4. Non-degenerate energy states

In a pure metal, whether the constituent Mo or Nb, or the 𝐴-atom
potential-based MPEA, the energetic states at every periodic lattice
spacing is degenerate. Often, the GSFE of the starting state is set to zero.
In-plane shear displacements corresponding to every periodic lattice

recovers the atomic arrangement leading to the same energetic state,
and therefore, the GSFE is zero again. For an MPEA, however, after a
full periodic lattice shift, the type and arrangement of the neighboring
atoms across the plane change. Consequently, after one periodic shift
the GSFE is not necessarily zero and could either rise or fall, or in other
words, the difference, or the residual energy at 𝑑𝑧 = 𝑛𝑏, where integer
valued 𝑛 = 1, 2,…, could be either positive or negative.

To quantify the residual energy for the {110} and {112} planes,
the simulation cells used in calculation were made such that 𝐿𝑧 > 𝑏,
to permit shear displacements to cover two or more consecutive lattice
periodicity distances. Recall in Fig. 2(a,b) and Fig. 3(a,b), the calculated
{110} GSFE for two periodic spacings and {112} GSFE for three peri-
odic spacings are shown. For the {110} GSFE curves in both MPEAs, the
energetic state is not recovered after each shift of 𝑏, and the residual
energies range from −6.6 mJ/m2 to 36.85 mJ/m2 in NbTiZr. For the
{112} GSFE curves, the residual energies are even larger, ranging from
−126.85 mJ/m2 to 114.2 mJ/m2 for NbTiZr. Non-degenerate energy
states were also reported in an FCC CoCrNi MPEA [27], indicating that
the initial configuration does not have the lowest bulk energy among
all possible in-plane shifts. One may, in theory, use the configuration
with the lowest energy as the reference, and thereby ‘‘elevating’’ all
GSFE values to non-negative. Nevertheless, a different 𝛾gsf value after
a rigid shift by 𝑏 suggests that the bypass of a full dislocation would
create a local, anti-phase boundary, which carries energy [75].
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Table 3
Lattice parameter 𝑎0 (in Å) and USFEs 𝛾usf (in mJ/m2) of BCC Ti and BCC Zr on the
four types of slip planes predicted by MS simulations.

𝑎0 𝛾usf
{110} {112} {123} {134}

BCC Ti 3.3 343.11 390.68 386.08 381.1
BCC Zr 3.597 325.46 369.17 363.33 361.43

4.5. Effect of chemical composition on the USFE

The finite area glide planes taken from the 3D volume of ran-
dom solid solution deviate in their chemical make up from the 1:1:1
equi-molar ternary compositions. Their chemical differences offer the
opportunity to identify relationships between local chemical composi-
tion and GSFEs. To quantify the effect, we calculate the composition of
the constituent elements among all atoms within a distance of 𝑏∕2 from
the slip plane along the 𝑦 direction, as indicated by the blue boxes in
Fig. 1(b–e), which corresponds to 1, 2, 3, and 3 layers of atoms on one
side of the {110}, {112}, {123}, and {134} planes, respectively. Fig. 6
and Fig. 7 present the 𝛾usf values mapped onto a ternary diagram for
these two MPEAs. In MoNbTi, it is found that a larger fraction of Mo
atoms and a smaller fraction of Nb atoms are associated with a higher
𝛾usf . The DFT calculations in MoNbTi, presented in Fig. 8, show similar
trends. These results are expected because Mo has a higher 𝛾usf than
Nb. In NbTiZr, a larger fraction of Nb atoms and a smaller fraction of
Ti atoms result in a higher 𝛾usf value. This, however, is not as easy to
predict because Ti has HCP lattices in ambient conditions.

To further explore this problem, we calculate the GSFEs in BCC Ti
and BCC Zr, which may form in alloys or under high pressures [76,77].
First, the lattice parameter 𝑎0 for Ti and Zr in their equilibrium BCC
phase are calculated. Then the GSFE curves on the {110}, {112}, {123},
and {134} planes are calculated. Table 3 shows that the values of 𝛾usf in
BCC Ti and BCC Zr on all planes are much lower than those of Mo and
Nb. These explain the composition-𝛾usf correlation discovered earlier in
NbTiZr.

With these data and ignoring the effect of local interactions between
neighboring atoms, one could crudely estimate 𝛾usf for the MPEAs as the
number weighted after average of the 𝛾usf for the three constituent met-
als in their BCC phases. For example, for MoNbTi, the rule-of-mixtures
approximation for 𝛾usf for any given plane is given by

𝛾aveusf =
𝛾Mo
usf + 𝛾Nbusf + 𝛾Tiusf

3
(21)

Results of 𝛾aveusf in both MPEAs are presented in Table 2. Although
there may be no physical justification to take a volume-weighted aver-
age of the constituent 𝛾usf , thereby ignoring the atomic-scale elemental
interactions, we find that the volume average in Eq. (21) provides a
reasonable estimate. It helps us understand Eq. (20) qualitatively. For
example, �̄�usf for NbTiZr lies below that of Nb due to the low 𝛾usf values
in BCC Ti and BCC Zr. In addition, this rough estimate can be useful
when precise values for 𝛾usf are not needed, such as in sifting through
various compositions and for identifying potential slip modes. It is also
far easier to find reliable interatomic potentials for pure metals than
alloys.

5. Conclusions

In this work, we conduct MS simulations to calculate the GSFE
curves in two refractory MPEAs with BCC structures: MoNbTi and
NbTiZr. Four types of slip planes – {110}, {112}, {123}, and {134}
– are considered. The main findings are summarized as follows:

(1) With a finite nanometer cross-sectional area on the slip plane,
the local chemical composition in the slip plane and its im-
mediate vicinity deviates from the nominal solid solution. The
consequence is a wide range of GSFE values among parallel slip
planes for the same MPEA.

(2) The alloy potential and a newly developed 𝐴-atom potential for
MoNbTi are validated by comparing the MS-based lattice param-
eter, cohesive energy, and elastic constants against those from
DFT and available experimental data, the latter of which include
lattice parameter and Young’s modulus. Interested readers can
find and download the 𝐴-atom potentials for both MPEAs at
https://github.com/wrj2018/Intermetallics_2020.

(3) On the {110} planes, unlike the case of pure metals, the MPEA
GSFE curves are asymmetric and the two GSFE curves along two
coplanar, non-parallel ⟨111⟩ directions are not the same.

(4) In each MPEA, for the same type of slip plane, the mean USFE
value based on the alloy potential is close to that based on the
𝐴-atom potential.

(5) Due to the atom-to-atom elemental variation in the MPEA, shear
displacements of one lattice periodicity length may transition
the system to a higher or lower energetic state, rather than
recovering the original reference state. The residual energies are
more pronounced in NbZrTi than in MoNbTi.

(6) Among the two MPEAs and two BCC pure metals (Mo and
Nb), the mean USFE is the highest in Mo, the second highest
in MoNbTi, followed by Nb, and finally, the lowest in NbTiZr
(Eq. (20)).

(7) By directly correlating USFE with the local chemical composi-
tions in Fig. 5, we find that a larger fraction of Mo atoms or a
smaller fraction of Nb atoms in MoNbTi leads to a higher USFE.
A larger fraction of Nb atoms or a smaller fraction of Ti atoms
in NbTiZr increases the USFE value.
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