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A B S T R A C T

Multi-principal element alloys (MPEAs) are alloys that form solid solution phases and consist of three or more
principal elements. Fundamental to the numerical study of mechanical properties of MPEAs are the calculations
of their basic structural parameters such as lattice parameter and elastic constants. Due to the presence of
multiple elements, calculation of each quantity should ideally consider multiple atomic configurations for
each MPEA. However, direct calculations are sometimes expensive, and so some studies in the literature
either considered only one atomic configuration or used an indirect method to provide an estimation. In
this paper, we calculate the lattice parameters, cohesive energies, and elastic constants of 42 equal-molar
refractory MPEAs using small atomistic models. For each quantity in each MPEA, four approaches are used:
multiple direct calculations using the alloy potential, a single direct calculation using the 𝐴-atom potential, as
well as estimations using two rules of mixtures. It is shown that the coefficient of variation based on the first
approach positively scales with the lattice distortion of MPEAs. In addition, taking the mean values obtained
via the first approach as references, we find that the other three approaches can overestimate or underestimate
the basic structural parameters.
1. Introduction

Developing high-performance metallic alloys primarily relies on
altering chemical compositions and microstructures by introducing for-
eign elements and/or crystallographic defects [1]. Conventional alloy
design focuses on taking one principal metallic element as the matrix
and adding small amounts of other elements to enhance particular
properties [2]. This strategy results in dilute alloys. In 2004, it was
found that some equal-molar compositions of multiple elements can
form stable solid solution phases on a simple underlying lattice [3,4].
A new era of alloy design then emerged, producing thousands of novel
alloys called multi-principal element alloys (MPEAs) that are at or
close to the center of the multi-component phase diagram [5]. In
2010, it was discovered that when the majority of the elements are
refractory metals, the MPEAs, termed refractory MPEAs (RMPEAs), can
retain excellent mechanical properties at high temperatures [6]. Most
RMPEAs are body-centered cubic (BCC) crystals. Take MoNbTi [7] and
NbTiZr [8], which possess low densities and high specific strengths,
as an example. At room temperature, the two RMPEAs, respectively,
have a compressive yield strength of 1100 MPa and 975 MPa [9].
At approximately one half the homologous temperature 0.5𝑇m, the
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compressive yield strengths of MoNbTi and NbTiZr reduce by 53.6%
and 48.3% to 510 MPa and 504 MPa, respectively. In contrast, the
ultimate tensile strengths of pure refractory metals, e.g., Mo and Nb,
drop from 575 MPa and 290 MPa at room temperature to 95 MPa and
77 MPa at 0.5𝑇m, respectively [10]. The relative decreases are 83.5%
and 73.4%, respectively.

Compared with pure metals and dilute alloys, MPEAs are much
more complicated in terms of chemistry. For example, the maximum
number of equal-molar MPEAs formed by 𝑛 chemical elements is

𝑁MPEA = 2𝑛 −
𝑛(𝑛 − 1)

2
− 𝑛 − 1, (1)

and 𝑁MPEA would become infinite for non-equal-molar MPEAs. As a
result, there exist multiple atomic configurations for one MPEA, leading
to multiple values for the same quantity, e.g., lattice parameter [11],
elastic constants [11], phonon dispersion [12], generalized stacking
fault energy [13], vacancy/interstitial formation energies [14], dis-
location core energy [15], dislocation core structure [16], stacking
fault width [17], local slip resistance [18], as well as critical resolved
shear stresses for dislocation gliding [19] and bow-out [20]. Effects of
solute concentration [21] and interstitial atoms [22] on basic structural
927-0256/© 2021 Elsevier B.V. All rights reserved.
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parameters in MPEAs have also been studied, yet those are beyond the
scope of this paper.

The complex chemistry in MPEAs also leads to complex atomic
structures, exhibited mainly as lattice distortion and chemical order-
ing [23]. These chemical and structural characteristics strongly affect
the defect dynamics in MPEAs, and hence their mechanical proper-
ties [24]. Take dislocation as an example. Compared with pure metals,
MPEAs generally have a higher slip resistance [18], a lower dislocation
velocity [25], and a larger number of active slip systems [26].

Fundamental to these studies in MPEAs are calculations of ba-
sic structural parameters such as lattice parameter and elastic con-
stants [27]. Because of the complex chemistry, calculations should
ideally involve multiple simulation cells for one MPEA. A question then
arises regarding the cell size. Density functional theory (DFT) calcula-
tions in BCC NbTiV and BCC AlNbTiV MPEAs showed that the predicted
lattice parameters and elastic constants vary with the computational
cell size [28]. A previous atomistic simulation work found that, for the
intrinsic stacking fault energy in an equal-molar face-centered cubic
(FCC) NiFe alloy, large and small simulation cells, respectively, result in
small and large standard deviations while the mean values are almost
the same [29]. This suggests that, to obtain an accurate mean value,
one either runs a small number of calculations using large cells or a
large number of calculations using small cells. In practice, small models
are sometimes used, because the calculations, e.g., those based on DFT,
are expensive. It is then important to assess the errors associated with
using a small number of small models and to explore if the errors could
be estimated a priori. Sometimes, indirect approaches, e.g., rules of

ixtures, are utilized to provide an approximation [13,30–32]. It is
ecessary to quantify the resultant errors as well.

In this paper, we calculate the basic structural parameters of 42
qual-molar RMPEAs using small atomistic models. For each RMPEA,
our approaches are used: multiple direct calculations using the alloy
otential, a single direct calculation using the 𝐴-atom potential, and
wo rules of mixtures. It is shown that the coefficient of variation based
n the first approach positively scales with the lattice distortion of
MPEAs. This finding highlights the importance of considering multiple
tomistic structures in calculating basic structural parameters using
mall models. In addition, taking the mean values obtained via the first
pproach as references, we find that the other three approaches can
verestimate or underestimate the basic structural parameters. While
hese conclusions are reached based on atomistic simulations [33] in
his paper, they are expected to apply to ab initio calculations [34] as
ell.

. Materials and methods

There are six BCC refractory metals: Cr, Mo, Nb, Ta, V, and W [35].
hey can form up to 42 RMPEAs, including 20 ternaries, 15 quaternar-

es, six quinaries, and one senary. All of them have BCC lattices.

.1. Alloy potentials

Embedded-atom method (EAM) potentials [36] are used to describe
nteratomic interactions. The six elemental potentials are: Cr [37],
o [38], Nb [39], Ta [38], V [40], W [38]. Cross interactions between

ifferent elements are based on formulations of Johnson [41] and Zhou
t al. [42]. Note that all six elemental potentials have been used in
PEAs, e.g., MoNbTi [13], NbTiZr [16], NbTaV [40], MoNbTaW [43],
oNbTaVW [43], and AlCoCrFeNi [44], wherein the cross interactions
ere formulated in a similar fashion. In what follows, this type of

nteratomic potential is called ‘‘alloy potential’’. To assess the accuracy
f these potentials, lattice parameters and elastic constants of all pure
etals and selected RMPEAs are calculated via DFT in Appendix, and

re then compared with those based on MS in Table 1 and Fig. A.1. For
he same RMPEA, structural parameters obtained by the alloy potential
gree with those by DFT relatively well. We emphasize that the focus
2

f this paper is on comparing different numerical approaches that use
he same underlying interatomic potentials. Conclusions based on these
omparisons do not necessarily depend on whether the underlying
otentials themselves are accurate or not with respect to DFT.

.2. 𝐴-atom potentials

Based on the alloy potential, the ‘‘𝐴-atom potential’’ can be con-
tructed to provide a mean-field representation of the RMPEA by
pproximating the interactions among different elements as a weighted
verage [45]. Specifically, the 𝐴-atom EAM formulation for the poten-
ial energy is [46]

= 1
2

𝑁
∑

𝑖

𝑁nei
∑

𝑗
𝑗≠𝑖

𝑉 𝐴
𝑖𝑗 (𝑅

𝑖𝑗 ) +
𝑁
∑

𝑖
𝐹𝐴
𝑖
(

⟨�̄�𝑖⟩
)

(2)

here 𝑁 is the number of atoms, 𝑁nei is the number of neighboring
toms of atom 𝑖, 𝑉𝑖𝑗 is the pair potential between atoms 𝑖 and 𝑗, 𝐹𝑖 is
he embedding potential at atom 𝑖, �̄�𝑖 is the host electron density at
tom 𝑖, 𝑅𝑖𝑗 is distance between atoms 𝑖 and 𝑗, ⟨⋯⟩ takes the average,
nd

𝐴
𝑖
(

⟨�̄�𝑖⟩
)

=
𝑁T
∑

𝑋
𝑐𝑋𝐹𝑋

𝑖
(

⟨�̄�𝑖⟩
)

(3)

𝑉 𝐴
𝑖𝑗 (𝑅

𝑖𝑗 ) =
𝑁T
∑

𝑋,𝑌
𝑐𝑋𝑐𝑌 𝑉 𝑋𝑌

𝑖𝑗 (𝑅𝑖𝑗 ) (4)

⟨�̄�𝑖⟩ =
𝑁nei
∑

𝑗
𝑗≠𝑖

𝑁T
∑

𝑋
𝑐𝑋𝜌𝑋𝑖𝑗 (𝑅

𝑖𝑗 ) (5)

here 𝑁T is the number of elemental types, 𝜌𝑖𝑗 is the local electron
ensity contributed by atom 𝑗 to atom 𝑖, and 𝑐𝑋 and 𝑐𝑌 are atomic
oncentrations of elements 𝑋 and 𝑌 , respectively. The 𝐴-atom potential
as shown to provide a good approximation of basic structural parame-

ers in multiple MPEAs, including, but not limited to, FCC CrFeNi [46,
7], Co30Fe16.67Ni36.67Ti16.67 [48], and CrCoNi [25], as well as BCC
o16.67Fe36.67Ni16.67Ti30 [19], NbTiZr [16], and MoNbTi [13].

.3. Rule of mixtures

In the context of MPEAs, a rule of mixtures is a weighted mean used
o predict the value of a quantity 𝑝 based on that of the constituents.
he simple and inverse rules of mixtures, respectively, are

𝑝up =
𝑛
∑

𝑖=1
𝑐𝑖𝑝𝑖 (6)

1
𝑝lo

=
𝑛
∑

𝑖=1

𝑐𝑖
𝑝𝑖

(7)

where 𝑐𝑖 and 𝑝𝑖 are, respectively, the concentration and value of 𝑝 of
element 𝑖. When 𝑝𝑖 are all positive or all negative, the simple rule of
mixtures always yields a higher absolute value than the inverse rule
of mixtures. For the lattice parameter, the simple rule of mixtures is
usually known as Vegard’s law [49]. Note that 𝑝𝑖 can come from either
ab initio or atomistic calculations. In the context of ab initio calculations,
compared with the results based on alloy structures, in FCC Ti1−𝑥Al𝑥,
Tian et al. [50] discovered that the simple rule of mixtures overesti-
mates 𝑎0 and underestimates 𝐶12 and 𝐶44 while predicting 𝐶11 generally
well; in three NbTiZr-based RMPEAs, Tian et al. [51] reported that the
simple rule of mixtures tends to underestimate 𝑎0 while overestimating
elastic constants. Thus, it is interesting to assess whether the inverse
rule of mixtures, which has not been applied to MPEAs to our best
knowledge, would better predict certain quantities.
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2.4. MS simulations

LAMMPS [52] is used for all molecular static (MS) simulations
in this paper. For each RMPEA, 20 special quasi-random structures
(SQS) [53] are built using ATAT [54]. The tolerance for matching
correlations of the SQS and of the ideal random state is set as 0.01.
Both pair and triplet correlation functions are considered. The ranges
of the pair and triplet correlation, respectively, vary from 2.8𝑎0 to 4𝑎0
and from 3.6𝑎0 to 5.2𝑎0, both in increment of 0.4𝑎0. Each set of range
results in a SQS, and hence 20 SQS in total. The alloy potential is then
applied to each SQS. When the 𝐴-atom potential or elemental potential
is applied, only one atomic structure with all atoms of the same
type is considered for each material. Each simulation cell is a cuboid,
with ⟨100⟩ crystallographic orientations along all three directions. The
numbers of atoms in one cell are 2, 72, 72, 90, and 72 for a pure metal,
a ternary, a quaternary, a quinary, and a senary, respectively. These
small numbers are chosen because they are commonly used in DFT
calculations, to which the conclusion made in this paper is expected
to apply.

To calculate the lattice parameter 𝑎0 of each atomic structure, a
series of periodic simulation cells of different sizes are used. For each
size, the bulk energy is calculated. 𝑎0 is then determined from the cell
with the smallest bulk energy. The cohesive energy 𝐸coh is the smallest
bulk energy divided by the total number of atoms in the cell. This
is the so called ‘‘energy–volume method’’, which was shown to yield
almost the same results as the ‘‘relaxation method’’ [55]. Based on 𝑎0
f the six pure metals, we can characterize the lattice distortion of each
MPEA [56], i.e.,

=

√

√

√

√

𝑛
∑

𝑖=1
𝑐𝑖
(

1 −
𝑟𝑖
�̄�

)2
(8)

where �̄� =
∑𝑛

𝑖=1 𝑐𝑖𝑟𝑖, with 𝑟𝑖 being the atomic radius of element 𝑖. In BCC
crystals, 𝑟𝑖 = (

√

3∕4)𝑎0𝑖 where 𝑎0𝑖 is the lattice parameter of element 𝑖.
Therefore,

𝛿 =

√

√

√

√

𝑛
∑

𝑖=1
𝑐𝑖

(

1 −
𝑎0𝑖
�̄�0

)2
(9)

here �̄�0 =
∑𝑛

𝑖=1 𝑐𝑖𝑎0𝑖.
On the other hand, the stiffness tensor C is calculated via the

tress–strain approach [57]. We then calculate the effective BCC elastic
onstants using the following relationships [13]:

†
11 =

𝐶11 + 𝐶22 + 𝐶33
3

(10)

†
12 =

𝐶12 + 𝐶13 + 𝐶23
3

(11)

†
44 =

𝐶44 + 𝐶55 + 𝐶66
3

(12)

For each of the four basic structural parameters 𝑎0, 𝐶
†
11, 𝐶

†
12, and

𝐶†
44 in each RMPEA, there are 20 values based on 20 SQS when using

the alloy potential. We calculate the mean and standard deviation for
each parameter. It follows that the coefficient of variation (CoV) can
be obtained by

CoV = Standard deviation of 20 values
Mean of 20 values

(13)

Note that in the cases of 𝐴-atom potential and elemental potential,
there is only one value for each structural parameter in each RMPEA.
Thus, there is no CoV for them.

3. Results and discussions

3.1. Six pure metals

Table 1 presents the lattice parameters 𝑎0, cohesive energies 𝐸coh,
and three independent elastic constants 𝐶 , 𝐶 , and 𝐶 of the six
3

11 12 44 𝐴
Table 1
Lattice parameter 𝑎0 (in Å), cohesive energy 𝐸coh (in eV), elastic constants 𝐶11, 𝐶12,
and 𝐶44 (in GPa), and Zener ratio 𝐴c, of the six BCC refractory metals. MS data,
except those of Mo and Nb [13], are obtained in the current work. In Ref. [35], 𝑎0
and elastic constants were calculated using the volume–energy method and the energy–
strain method, respectively. New DFT-based 𝑎0 and elastic constants are calculated using
the relaxation method and the stress–strain method, respectively. 𝐸coh was calculated in
passing when 𝑎0 was calculated. For Cr, DFT and DFTNM denote calculations wherein
antiferromagnetism is and is not considered, respectively. All experimental data are
from Ref. [58], except those of 𝐸coh, which are from Ref. [59].

Material Method 𝑎0 𝐸coh 𝐶11 𝐶12 𝐶44 𝐴c

Cr

MS 2.881 −4.1 398.03 93.45 103.56 0.68
DFTNM 2.854 −4.1 483.33 121.23 112.43 0.62
DFT 2.864 −4.11 427.59 57.67 101.21 0.55
DFTNM [35] 2.846 −4.1 494.65 142.37 99.05 0.56
DFT [35] 2.864 −4.1 429.65 59.94 95 0.51
Exp [58,59] 2.885 −4.1 348 67 100 0.71

Mo

MS [13] 3.135 −6.81 458.76 167.84 114.32 0.79
DFT 3.162 −6.35 461.39 160.84 102.87 0.68
DFT [35] 3.16 −6.35 467.85 158.75 100.22 0.65
Exp [58,59] 3.147 −6.82 465 163 109 0.72

Nb

MS [13] 3.3 −7.57 263.56 125.28 35.03 0.51
DFT 3.322 −6.92 242.23 134.92 13.76 0.26
DFT [35] 3.324 −6.91 249.01 135.43 18.1 0.32
Exp [58,59] 3.301 −7.57 245 132 28.4 0.5

Ta

MS 3.303 −8.09 262.59 157.74 82.33 1.57
DFT 3.321 −8.33 258.1 165.11 75.91 1.63
DFT [35] 3.32 −8.33 268.13 160.35 77.38 1.44
Exp [58,59] 3.303 −8.1 264 158 82.6 1.56

V

MS 3.026 −5.3 263.93 120.19 38.37 0.53
DFT 2.999 −5.39 264.61 132.95 24.2 0.37
DFT [35] 2.999 −5.39 265.97 139.84 26.24 0.42
Exp [58,59] 3.024 −5.31 230 120 43.1 0.78

W

MS 3.165 −8.76 522.54 204.22 160.76 1.01
DFT 3.184 −10.17 526.52 199.34 145.39 0.89
DFT [35] 3.184 −10.41 520.35 199.88 142.42 0.89
Exp [58,59] 3.165 −8.9 523 203 160 1

BCC refractory metals. MS data for Cr, Ta, V, and W are calculated
in this work while those for Mo and Nb were recently reported [13].
In Section 3.2, MS data for pure metals will be used to estimate the
basic structural parameters in 42 RMPEAs using rules of mixtures
(Eqs. (6) and (7)). Data from current and prior DFT calculations [35]
and experiments [58,59] are also presented in Table 1 as references.
Details of the current DFT calculations are provided in Appendix. Note
that the two sets of DFT calculations employed different approaches to
calculate the same basic structural parameters in the same metal.

It is found that among DFT data, values of the same structural
parameter in the same metal obtained by different approaches agree
with each other well. This is aligned with a recent work in which
different approaches were used to calculate the lattice parameters of
four BCC pure metals via either DFT or MS [55]. In addition, and
perhaps more importantly, when applying the same approach to the
same material, data obtained by DFT and MS agree with each other
relatively well, and they both show good agreement with experiments.
With regard to 𝑎0, Cr has the smallest value, less than 2.9 Å, while those
of all other five elements are larger than 3 Å. According to Eq. (9), the
RMPEAs containing Cr are expected to have a large lattice distortion.

Employing the Zener ratio 𝐴c = 2𝐶44∕(𝐶11 − 𝐶12) as a measure of
the degree of cubic elastic anisotropy, we find that all six pure metals
are elastically anisotropic except W. The two most anisotropic metals
are Nb, with 𝐴c = 0.51, and Ta, with 𝐴c = 1.57.

.2. 42 RMPEAs

The mean lattice parameters �̄�0, mean cohesive energies �̄�coh, and
ean effective elastic constants �̄�†

11, �̄�
†
12, and �̄�†

44 of the 42 RMPEAs
alculated using the alloy potentials are presented in Tables 2 and 3.
hese data are used as references against which the data based on

-atom potential and rules of mixture are compared.
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Table 2
Mean lattice parameter �̄�0 (in Å), mean cohesive energy �̄�coh (in eV), mean effective
elastic constants �̄�†

11, �̄�
†
12, and �̄�†

44 (in GPa), Zener ratio 𝐴c, and lattice distortion 𝛿 of
20 ternaries. Results are based on alloy potentials.

Material �̄�0 �̄�coh �̄�†
11 �̄�†

12 �̄�†
44 𝐴c 𝛿

CrMoNb 3.13 −7.04 247.29 127.38 50.49 0.84 0.055
CrMoTa 3.152 −7.23 262.56 159.11 72.69 1.41 0.056
CrMoV 3.059 −5.79 334.07 114.66 41.91 0.38 0.034
CrMoW 3.113 −7.22 374.59 156.94 81.73 0.75 0.041
CrNbTa 3.194 −7.78 258.76 168.02 68.44 1.51 0.062
CrNbV 3.065 −6.43 234.59 121.65 34.98 0.62 0.056
CrNbW 3.147 −7.79 271.81 172.21 62.29 1.25 0.056
CrTaV 3.1 −6.6 209.21 127.3 36.52 0.89 0.057
CrTaW 3.164 −7.99 301.46 184.88 87.16 1.5 0.056
CrVW 3.073 −6.57 355.59 147.38 52.62 0.51 0.038
MoNbTa 3.243 −7.57 307.17 159.46 77.51 1.05 0.024
MoNbV 3.168 −6.63 276.72 135.23 57.08 0.81 0.036
MoNbW 3.199 −7.75 395.6 172.46 96.16 0.86 0.022
MoTaV 3.18 −6.79 268.4 144.52 72.49 1.17 0.036
MoTaW 3.203 −7.93 388.36 182.9 116.94 1.14 0.023
MoVW 3.146 −6.92 377.6 170.23 88.99 0.86 0.019
NbTaV 3.231 −7.05 215.31 135.15 56.18 1.4 0.04
NbTaW 3.251 −8.15 319.62 162.83 86.09 1.1 0.02
NbVW 3.187 −7.23 296.42 153.65 65.78 0.92 0.035
TaVW 3.196 −7.39 284.1 158.67 82.48 1.32 0.036

Table 3
The same quantities in Table 2, but for 15 quaternaries, six quinaries, and one senary

Material �̄�0 �̄�coh �̄�†
11 �̄�†

12 �̄�†
44 𝐴c 𝛿

CrMoNbTa 3.171 −7.13 320.33 144.34 68.68 0.78 0.055
CrMoNbV 3.104 −6.34 307.41 121.43 46.39 0.5 0.05
CrMoNbW 3.138 −7.25 374.5 143.3 77.11 0.67 0.049
CrMoTaV 3.12 −6.46 311.17 138.6 64.04 0.74 0.05
CrMoTaW 3.15 −7.39 381.41 161.67 94.68 0.86 0.049
CrMoVW 3.09 −6.52 402.74 142.92 71.65 0.55 0.036
CrNbTaV 3.15 −6.8 239.86 127.5 53.29 0.95 0.058
CrNbTaW 3.179 −7.85 333.18 161.81 82.03 0.96 0.054
CrNbVW 3.114 −6.9 326.07 143.31 59.7 0.65 0.05
CrTaVW 3.127 −7.04 326.83 155.51 70.69 0.83 0.051
MoNbTaV 3.206 −7 263.72 144.15 66.43 1.11 0.037
MoNbTaW 3.221 −7.84 351.55 172.27 92.18 1.03 0.024
MoNbVW 3.174 −7.13 329.04 156.19 77.11 0.89 0.031
MoTaVW 3.18 −7.25 323.65 165.29 92 1.16 0.031
NbTaVW 3.215 −7.42 273.9 152.28 73.24 1.2 0.036
CrMoNbTaV 3.15 −6.91 287.02 138.33 58.32 0.78 0.052
CrMoNbTaW 3.171 −7.65 343.94 149.92 82.88 0.85 0.049
CrMoNbVW 3.126 −6.93 343.8 137.34 65.29 0.63 0.045
CrMoTaVW 3.135 −7.03 347.46 148.89 78.18 0.79 0.046
CrNbTaVW 3.159 −7.27 286.95 137.76 65.53 0.88 0.052
MoNbTaVW 3.199 −7.33 304.88 157.02 80.77 1.09 0.033
CrMoNbTaVW 3.157 −7.26 316.46 146.46 71.03 0.84 0.047

In terms of the elastic anisotropy, the Zener ratios 𝐴c of 27 RMPEAs
re less than 1, while those of the remaining 15 are larger than unity.
he majority of RMPEAs have a small to moderate elastic anisotropy.
he two most elastically anisotropic RMPEAs are CrMoV, with 𝐴c =

0.38, and CrNbTa, with 𝐴c = 1.51. Note that the lattice distortion only
lay a minor role in the elastic anisotropy, based on a recent study in
CC binaries and MPEAs [60].

.2.1. Lattice parameter
As mentioned, when the alloy potential is used, 20 SQS are em-

loyed for the lattice parameter calculations in each RMPEA. Fig. 1(a)
resents the volume–energy curves obtained in four selected calcula-
ions in CrMoNbTa. It is shown that different SQS may lead to different
attice parameters 𝑎0. Averaging 20 𝑎0 values results in the mean value,
�̄�0 = 3.171 Å, for CrMoNbTa. The standard deviation in these 20 𝑎0
s 0.0053 Å. Then following Eq. (13), the CoV of 𝑎0 of CrMoNbTa is

0.0017.
Values of CoV-𝑎0 of all 42 RMPEAs are plotted with respect to

the lattice distortion 𝛿 in Fig. 1(b). As expected, RMPEAs containing
r generally have a larger 𝛿 than those without Cr. It is also found
hat CoV-𝑎0 scales positively with 𝛿. This finding is similar to the one

made by Tian et al. [50]. Using ab initio calculations in FCC Ti1−𝑥Al𝑥,
4

they found that the difference in the bulk energy between relaxed
and unrelaxed alloy structures scales with the lattice distortion of the
binary. All these results suggest that for RMPEAs with a large 𝛿, it
is particularly important to involve multiple atomic configurations in
calculating �̄�0 using the alloy potential.

For CrMoNbTa, 𝐴-atom potential, simple rule of mixtures, and
nverse rule of mixtures predict 𝑎0 = 3.175 Å, 3.155 Å, and 3.145 Å,

respectively. All differ from �̄�0 predicted by the alloy potential. Values
of lattice parameters and cohesive energy in all 42 RMPEAs obtained
from four approaches are plotted in Fig. 2. It is found that the four
approaches result in a difference in 𝑎0 of less than 0.05 Å and that in
𝐸coh of less than 0.5 eV for most RMPEAs. Compared with the alloy
potential results, the 𝐴-atom potential results are the most accurate;
however, both rules of mixtures underestimate the lattice parameter
while overestimate the cohesive energy in most cases.

3.2.2. Elastic constants
Similar to the case of 𝑎0, the CoV of the effective elastic constants 𝐶†

𝑖𝑗
of each RMPEA using the alloy potential can be obtained by Eq. (13).
Values of CoV-𝐶†

11, CoV-𝐶†
12, and CoV-𝐶†

44 of all 42 RMPEAs are plotted
with respect to the lattice distortion 𝛿 in Fig. 3. Similar to CoV-𝑎0,
ach set of CoV-𝐶†

𝑖𝑗 scales positively with 𝛿 of RMPEAs, further high-
ighting the significance of involving multiple atomic configurations in
alculating basic structural parameters using the alloy potential.

Values of the elastic constants in all 42 RMPEAs obtained from
our approaches are shown in Fig. 4(a–c). Compared with the alloy
otential results, the 𝐴-atom potential predicts 𝐶11 reasonably well, but
enerally underestimates both 𝐶12 and 𝐶44. In the meantime, simple
ule of mixtures generally overestimates 𝐶11, underestimates 𝐶12, and
verestimates 𝐶44. In addition, inverse rule of mixtures overestimates
11, underestimates 𝐶12, yet predicts 𝐶44 relatively well.

.2.3. Implications for future research
By using four approaches to calculate the same basic structural

arameters in 42 RMPEAs, our results reveal that approximations such
s the 𝐴-atom potential and two rules of mixtures may yield data that
uch differ from those based on the alloy potential. The relative errors

re generally larger for elastic constants than for lattice parameters,
n agreement with a previous study in CrFeNi [46]. In the meantime,
e note that elastic constants can be used to derive a series of me-

hanical properties of crystals, e.g., shear modulus, Young’s modulus,
ulk modulus, Cauchy pressure, Poisson’s ratio, Pugh ratio, and Zener
atio [21,22]. Elastic constants are also often among material parame-
ers that enter analytical models for plasticity quantities, e.g., strength,
uctility, dislocation core structure, and Peierls stress/barrier. There-
ore, inaccurate elastic constants may yield incorrect predictions of
aterial properties. For example, as shown in Fig. 4(d), the 𝐴-atom
otential and inverse rule of mixtures tend to underestimate the Zener
atio 𝐴c, hence predicting more elastically anisotropic RMPEAs. On the
ther hand, simple rule of mixtures overestimates 𝐴c in about half
f the RMPEAs while underestimates 𝐴c in the other half. Another
xample is that whether a fracture is ductile or brittle is a result
f the competition between brittle cleavage and ductile dislocation
mission. The former can be quantified by the critical stress intensity
or cleavage [61], while the latter by that for dislocation emission [62].
he ratio between the two critical stress intensities, both of which are
elated to elastic constants, has been employed to analyze the ductility
f RMPEAs [63,64].

Our results also shed light on future DFT calculations of structural
arameters in MPEAs. In fact, the counterparts of the 𝐴-atom potential
n ab initio calculations are the coherent potential approximation (CPA)
nd the virtual crystal approximation [46]. In the current paper, we
ind that the 𝐴-atom potentials predict 𝑎0 and 𝐶11 well but tend to
nderestimate 𝐶12 and 𝐶44. On the other hand, compared with the
esults based on alloy structures, in FCC Ti1−𝑥Al𝑥, Tian et al. [50]

showed that, CPA tends to overestimate 𝑎0 and 𝐶44, underestimate
𝐶 , while predicting 𝐶 generally well; then in three NbTiZr-based
11 12
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Fig. 1. (a) Bulk energy per atom 𝐸∗
bulk vs. pre-defined lattice parameter 𝑎∗0 based on four SQS in CrMoNbTa using the alloy potential. Dashed vertical lines indicate the lowest

oint on each curve. (b) CoV of the lattice parameters of all 42 RMPEAs are plotted with respect to the lattice distortion. The dashed line is the linear fit.
Fig. 2. (a) Lattice parameters and (b) cohesive energies in all 42 RMPEAs obtained from four approaches. The shaded area indicates an agreement with the alloy potential results
within (a) 0.05 Å and (b) 0.5 eV.
o
s
c

Fig. 3. CoV of the three effective elastic constants of all 42 RMPEAs are plotted with
espect to the lattice distortion. Dashed lines are linear fits.

MPEAs, Tian et al. [51] found that CPA tends to underestimate the
attice parameter 𝑎0 and elastic constant 𝐶12 while overestimating 𝐶11

nd 𝐶 . In dozens of MPEAs, Tian et al. [30], Ge et al. [31], and
5

44
Huang et al. [32] calculated 𝑎0 and elastic constants using both CPA
and simple rule of mixtures. The general finding is that, compared with
CPA results, simple rule of mixtures tends to overestimate 𝑎0, and may
verestimate or underestimate the elastic constants, depending on the
pecific constant and MPEA. Taken together, these results imply that
aution should be taken when utilizing data based on either 𝐴-atom

potentials in MS simulations, CPA in ab initio calculations, or rules
of mixtures in either calculation method, especially when the alloy
possesses a large lattice distortion. These also suggest that development
of new predictive models is necessary.

4. Conclusions

In this work, we conduct MS simulations to calculate the lattice
parameters, cohesive energies, and elastic constants of 42 RMPEAs,
including 20 ternaries, 15 quaternaries, six quinaries, and one senary.
These are all possible RMEPAs formed from the six BCC refractory pure
metals: Cr, Mo, Nb, Ta, V, and W. Each quantity in each RMPEA is
calculated using four approaches: multiple direct calculations using the
alloy potential, a single direct calculation using the 𝐴-atom potential,
and two rules of mixtures.

Based on the first approach, the CoV in both lattice parameters
and elastic constants are found to positively scale with the lattice
distortion of RMPEAs. This suggests that it is important to consider
multiple atomic structures in calculating the basic structural parameters
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Fig. 4. Three independent elastic constants 𝐶†
𝑖𝑗 and Zener ratio 𝐴c in all 42 RMPEAs obtained from four approaches. The shaded areas indicate an agreement with the alloy

potential results within (a) 50 GPa, (b) 20 GPa, (c) 20 GPa, and (d) 0.2, respectively.
e
r
t

using the alloy potential. In general, there exists a discrepancy between
the structural parameters obtained by the alloy potential and those
predicted by 𝐴-atom potential and two rules of mixtures. Specifically,
for the lattice parameter 𝑎0 and cohesive energy 𝐸coh, the 𝐴-atom
potentials provide good predictions while both rules of mixtures tend
to underestimate 𝑎0 while overestimate 𝐸coh. For the elastic constants,
the 𝐴-atom potential predicts 𝐶11 reasonably well, but generally under-
estimates both 𝐶12 and 𝐶44. In the meantime, simple rule of mixtures
generally overestimates 𝐶11, underestimates 𝐶12, and overestimates 𝐶44,
whilst inverse rule of mixtures overestimates 𝐶11, underestimates 𝐶12,
yet predicts 𝐶44 relatively well.

CRediT authorship contribution statement

Shuozhi Xu: Conceptualization, Methodology, Formal analysis, In-
vestigation, Data curation, Writing – original draft, Writing – review &
editing. Saeed Zare Chavoshi: Validation, Formal analysis, Writing –
review & editing. Yanqing Su: Software, Resources, Writing – review
& editing, Funding acquisition.

Declaration of competing interest

The authors declare that they have no known competing finan-
cial interests or personal relationships that could have appeared to
influence the work reported in this paper.

Data availability

The data that support the findings of this study are available from
Dr. Yanqing Su (email: yanqing.su@usu.edu) upon reasonable request.
6

s

Acknowledgments

We thank Prof. Francesco Maresca for providing the EAM potential
parameters for V, Mr. Wurong Jian for providing all 𝐴-atom potentials,
and Prof. Leonid V. Zhigilei and Dr. Miao He for helpful discussions.
This work used the Extreme Science and Engineering Discovery Envi-
ronment (XSEDE), which is supported by National Science Foundation,
USA grant number ACI-1053575. The support and resources from the
Center for High Performance Computing at the University of Utah, USA
are also gratefully acknowledged.

Appendix. Basic structural parameters calculated via DFT

To validate the alloy potentials, lattice parameters and elastic con-
stants of six pure metals and 26 Cr-based RMPEAs are calculated via
DFT using VASP [65]. DFT parameters closely follow prior work of
some co-authors of this paper [35,66] for BCC pure metals. Based on
the projector augmented wave method [67,68], a plane-wave basis
with a cutoff energy of 398.52 eV is adopted. To approximate the
exchange–correlation energy functional, the Perdew–Burke–Ernzerhof
formulation of the generalized gradient approximation [69] is used.
The Brillouin zone is constructed by the Monkhorst–Pack scheme [70],
with a smearing width of 0.2 eV based on the Methfessel–Paxton
smearing method [71]. The 𝑘-point meshes are 11 × 11 × 11 in pure
metals and 5 × 5 × 5 in RMPEAs. The conjugate gradient scheme is
mployed for the electronic self-consistent loop; the convergence is
eached when the total free energy change between two steps is smaller
han 10−4 eV [72]. To yield results that are better comparable with MS,

pin-polarization is not considered.

mailto:yanqing.su@usu.edu
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Fig. A.1. (a) Lattice parameters and (b) elastic constants in 26 Cr-based RMPEAs obtained from MS simulations using alloy potentials and DFT calculations without spin-polarization,
enoted by the superscript NM.
Specifically, lattice parameters are calculated using the relaxation
ethod while elastic constants are based on the stress–strain method.
FT results for pure metals are presented in Table 1 and those for
MPEAs are in Fig. A.1, all against MS results based on alloy potentials.
ecause DFT calculations are expensive, only one SQS, which has the

argest pair and triplet correlation ranges as described in Section 2.4,
s considered for each RMPEA.
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